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Outline
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Quantum metric spaces and qGH distance

Some references

@ M.A. Rieffel, Metrics on states from actions of compact
groups, Doc. Math. 3 (1998) 215-229.

M.A. Rieffel, Metrics on state spaces, Doc. Math. 4 (1999)
559-600.

M.A. Rieffel, Gromov-Hausdorff distance for quantum
metric spaces, Mem. Amer. Math. Soc. 168 (796) (2004).
@ D. Kerr, Matricial quantum Gromov-Hausdorff distance, J.
Funct. Anal. 205 (2003) 132-167.

H. Li, C*-algebraic quantum Gromov-Hausdorff distance,
math.OA/0312003, 2003.

D. Guido, T. Isola, The problem of completeness for
Gromov-Hausdorff metrics on C*-algebras, J. Funct. Anal.
233 (2006) 173 -205
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Quantum metric spaces and qGH distance

Order unit spaces

Order unit space X = Space of affine real-valued functions on a
compact convex set [Kadison].

@ Order structure: pointwise order of functions,
@ Norm: sup-norm,
@ Unit /: the constant function 1.
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Quantum metric spaces and qGH distance

Order unit spaces

Order unit space X = Space of affine real-valued functions on a
compact convex set [Kadison].

@ Order structure: pointwise order of functions,
@ Norm: sup-norm,
@ Unit /: the constant function 1.
Lip-seminorm L on X: densely defined semi-norm such that
(i) L(x) =0iffx =X, A € R,
(i) {x € X : L(x) <1,|x]| <1} is norm-compact.
Quantum Metric Space := Order-unit space with a Lip-norm.
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Quantum metric spaces and qGH distance

Order unit spaces

Order unit space X = Space of affine real-valued functions on a
compact convex set [Kadison].

@ Order structure: pointwise order of functions,
@ Norm: sup-norm,
@ Unit /: the constant function 1.
Lip-seminorm L on X: densely defined semi-norm such that
(i) L(x) =0iffx =X, A € R,
(i) {x € X : L(x) <1,|x]| <1} is norm-compact.
Quantum Metric Space := Order-unit space with a Lip-norm.
L induces a distance d* on the states S(X):

d(i0,¥) = sup{[{y — ¥, x)| : L(x) < 1}.
(i) = (ii") d" induces the w*-topology on S(X).
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Quantum metric spaces and qGH distance

Quantum Gromov-Hausdorff distance

Given two quantum metric spaces (X, Lx), (Y, Ly), let L(X,Y)
be the family of Lip-norms on X @ Y which induce Ly, resp. Ly,
on X, resp. Y, and set

daan(X, Y) = inf  dh(S(X),S(Y),
LeL(x,Y)

where dﬁ(S(X),S(Y) denotes the Hausdorff distance between

the natural embeddings of S(X),S(Y) in (S(X @ Y)), L).
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Quantum metric spaces and qGH distance

Quantum Gromov-Hausdorff distance

Given two quantum metric spaces (X, Lx), (Y, Ly), let L(X,Y)
be the family of Lip-norms on X @ Y which induce Ly, resp. Ly,
on X, resp. Y, and set

daan(X, Y) = inf  dh(S(X),S(Y),
LeL(x,Y)

where dﬁ(S(X),S(Y) denotes the Hausdorff distance between

the natural embeddings of S(X),S(Y) in (S(X @ Y)), L).

Theorem (Rieffel, 04)

dqcH is a complete distance on the space of quantum metric
spaces modulo isomorphisms.
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Quantum metric spaces and qGH distance

gGH distance for C*-algebras

The self-adjoint part of a C*-algebra is an order unit space, but
isomorphism as order unit spaces does not imply isomorphism
as C*-algebras.
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Quantum metric spaces and qGH distance

gGH distance for C*-algebras

The self-adjoint part of a C*-algebra is an order unit space, but
isomorphism as order unit spaces does not imply isomorphism
as C*-algebras. Therefore let us define

dZe(AB) = inf  df(Sa(A), Sa(A)).
Lec(A,B)

where S»(.A) denotes the u.c.p. maps from A to M»(C) and
dL(QO, w) = SUpL(a)g ||<80 - 1% a>H! for P, w € 82(-’4)
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Quantum metric spaces and qGH distance

gGH distance for C*-algebras

The self-adjoint part of a C*-algebra is an order unit space, but
isomorphism as order unit spaces does not imply isomorphism
as C*-algebras. Therefore let us define

dZe(AB) = inf  df(Sa(A), Sa(A)).
Lec(A,B)

where S»(.A) denotes the u.c.p. maps from A to M»(C) and
dL(QO, w) = SUpL(a)g ||<80 - 1% a>H! for P, w € 82(-’4)

Theorem (Kerr, 03)

dgGH is a distance on the space of Lip-C*-algebras modulo
isomorphismes.
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Quantum metric spaces and qGH distance

dgGH is not complete on C*-algebras [Isola-DG, 06]: essentially
because L(x), L(y) < oo does not imply L(xy) < co. However if
L has the Leibniz property L(ab) < ||a||L(b) + L(a)| b| then a
Cauchy sequence is converging to a C*-algebra [Li, 03].
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Quantum metric spaces and qGH distance

dgGH is not complete on C*-algebras [Isola-DG, 06]: essentially
because L(x), L(y) < oo does not imply L(xy) < co. However if
L has the Leibniz property L(ab) < ||a||L(b) + L(a)| b| then a
Cauchy sequence is converging to a C*-algebra [Li, 03].

In general, if ones considers a complete distance, taking into
account n x n matrices for all n, we get that the limit of a Cauchy
sequence of C*-algebras always exists as an operator system.
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Nuclearity and compactness in QFT

Outline

@ Nuclearity and compactness in QFT
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Nuclearity and compactness in QFT

Some references

@ R.Haag, J.A.Swieca, When Does a Quantum Field Theory
Describe Particles?, Commun. Math. Phys. 1 (1965)
308-320.

@ K.Fredenhagen, J.Hertel, Unpublished manuscript, (1979).

@ D.Buchholz, E.H.Wichmann, Causal Independence and
the Energy-Level Density of States in Local Quantum Field
Theory, Commun. Math. Phys. 106 (1986) 321-344.

@ D.Buchholz, M.Porrmann, How small is the phase space in
quantum field theory?, Ann. Inst. H. Poincaré 52 (1990),
237-257.

@ D.Buchholz, C.D’Antoni, R.Longo, Nuclear Maps and
Modular Structure Il: Applications to Quantum Field
Theory, Commun. Math. Phys. 129 (1990), 115-138.
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Nuclearity and compactness in QFT

Compactness for local algebras

The compactness property for local algebras takes the
following general form: there is a map Tp : R(O) — B, for a
suitable target Banach space B, which is compact, or nuclear.
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Nuclearity and compactness in QFT

Compactness for local algebras

The compactness property for local algebras takes the
following general form: there is a map Tp : R(O) — B, for a
suitable target Banach space B, which is compact, or nuclear.
In particular, for Buchholz-Pormann compactness, T has a
predual map T, : B(H). — R(O). with dense range, given by
¢ € B(H). — e M¢eHiz(0).
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Nuclearity and compactness in QFT

Compactness for local algebras

The compactness property for local algebras takes the
following general form: there is a map Tp : R(O) — B, for a
suitable target Banach space B, which is compact, or nuclear.
In particular, for Buchholz-Pormann compactness, T has a
predual map T, : B(H). — R(O). with dense range, given by
¢ € B(H). — e "¢e Hiz(0).

As a consequence, R(O). has a Lip-norm L on Rg(T,),

L(w) = inf{||¢]|, & € B(H)+, T.{ = w} such that

{w € R(O), : L(w) < 1} is norm-compact,
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Nuclearity and compactness in QFT

Compactness for local algebras

The compactness property for local algebras takes the

following general form: there is a map Tp : R(O) — B, for a

suitable target Banach space B, which is compact, or nuclear.
In particular, for Buchholz-Pormann compactness, T has a
predual map T, : B(H). — R(O). with dense range, given by

¢ € B(H). — e "¢e Hiz(0).

As a consequence, R(O). has a Lip-norm L on Rg(T,),

L(w) = inf{||¢]|, & € B(H)+, T.{ = w} such that
{w € R(O), : L(w) < 1} is norm-compact,

[{w, @)
L(w)

R(O) has a dual Lip-norm L'(a) := sup = || Tal| such

that R(0O) is L'-compact.
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Nuclearity and compactness in QFT

Lip-norms for local algebras

Therefore we get a framework which is opposite to that of
Rieffel: the Lip-norm is on the normal state side, while the dual
Lip-norm is on the algebraic side.

Hence we should develop a framework of (dual) Lip-vNA’s and
of a corresponding qGH distance.

Daniele Guido
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Lip-von Neumann Algebras
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© Lip-von Neumann Aigebras
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Lip-von Neumann Algebras

Definition

A Lip-von Neumann algebra (M, L') is a von Neumann algebra
with a (dual-Lip) *-invariant norm L’ which induces the
w*-topology on the bounded subsets of M. Equivalently, M,
has a densely defined norm L such that {w € M, : L(w) <1} is
norm compact.
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Lip-von Neumann Algebras

Definition

A Lip-von Neumann algebra (M, L') is a von Neumann algebra
with a (dual-Lip) *-invariant norm L’ which induces the
w*-topology on the bounded subsets of M. Equivalently, M,
has a densely defined norm L such that {w € M, : L(w) <1} is
norm compact.

Extend L' to M»(M) as L'((a;)) = max; L(aj). For a pair of
Lip-vNA (M4, L)), (Mo, L), L(M;, My) is the set of dual Lip-
norms on M; & M, which restrict to L), resp. L, on My, resp. M.

Then dyan(My, Mp) = inf  df(Ma(M)1 4, Ma(M)1).
LGL(M1,M2)
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Lip-von Neumann Algebras

dqcH is a distance on the space of Lip-vNA modulo
isomorphisms.

@ the non trivial property is dggH(Mi, M2) = 0 = My = M, as
vNA.
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Lip-von Neumann Algebras

Theorem

dqcH is a distance on the space of Lip-vNA modulo
isomorphisms.

@ the non trivial property is dggH(Mi, M2) = 0 = My = M, as
vNA.

@ d,gH appears not to be complete, essentially because, as
above, we do not have an estimate for L'(ab). Also in this
case, it should be possible to develop a theory for dual
operator systems, and show that a Cauchy sequence of
Lip-vNA is always converging to a dual operator system.
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Ultraproducts and qGH limits
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e Ultraproducts and qGH limits
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Ultraproducts and qGH limits

Some references

@ B. Sims, Ultra-techniques in Banach space theory, Queen’s
Papers in Pure and Applied Mathematics, vol. 60, Ontario,
1982.

@ A.Ocneanu, Actions of discrete amenable groups on von
Neumann algebras. Chapter 5: Ultraproduct algebras.
Lecture Notes in Mathematics, 1138. Springer-Verlag,
1985.

@ D. Guido, T. Isola, The problem of completeness for
Gromov-Hausdorff metrics on C*-algebras, J. Funct. Anal.
233 (2006) 173 -205.
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Ultraproducts and qGH limits

Let (Mn, L},) be a sequence of Lip-vNA, with corresponding
preduals (M., Lp), and U an ultrafilter on N. We consider
(>°(Mp.) = {{wn} : wn € My, [{wn}| = sup, [[wnl| < oo},

(g (Mn.) = {{wn} € £°(Mn.) : L({wn}) = sup, Ln(wn) < oo}~ 1I,
the Banach subspace Ky, = {{wn} € (°(My,) : limy ||lwn| = 0}
and the quotient projection py; : £°°(Mp.) — £°°(Mpn.)/ Ky

Definition

We define My, as py(¢x (Xn)) in £2°(Xn)/ Ky, with the quotient
norms || - ||, and Ly, (restricted ultraproduct).
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Ultraproducts and qGH limits

We then consider the space (>*(M,) = {{an} : an € Mp,
[{an}| = supy [[an|| < oo}, with L'({an}) = sup, Ly(an), the
subspace K| ;, = {{an} € (>*(Mp) : limy L'(ap) = 0} and the
quotient projection py, : £2°(Xp) — £°(X7) /K[ 4y-

Definition

We define My, as p;,(¢>°(Mp)), with the quotient norms || - ||,
and L7, (dual restricted ultraproduct).

N.B.: K[, is not an ideal!
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Ultraproducts and qGH limits

We then consider the space (>*(M,) = {{an} : an € Mp,
[{an}| = supy [[an|| < oo}, with L'({an}) = sup, Ly(an), the
subspace K| ;, = {{an} € (>*(Mp) : limy L'(ap) = 0} and the
quotient projection py, : £2°(Xp) — £°(X7) /K[ 4y-

Definition

We define My, as p;,(¢>°(Mp)), with the quotient norms || - ||,
and L7, (dual restricted ultraproduct).

N.B.: K[, is not an ideal!

gGH-lim M, = M = M = My, and M, = M., VU ultrafilter.
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Ultraproducts and qGH limits

A condition for completeness

A family (M;, L)), i € I, of Lip-vNA is uniform if

» =
(a) Uniform compactness: The family {((M;)1, L)} is uniformly
totally bounded.
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Ultraproducts and qGH limits

A condition for completeness

A family (M;, L)), i € I, of Lip-vNA is uniform if

Iy =j
(a) Uniform compactness: The family {((M;)1, L)} is uniformly
totally bounded.
(b) Uniform normalizer condition: Ve > 0 3K > 0: Vi € |,
ae (M), 3be (M) : Ni(b) < K and Lj(a— b) < ¢, where
N(a) = sup{max(L'(ab), L'(ba)) : L'(b) < 1}.
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Ultraproducts and qGH limits

A condition for completeness

A family (M;, L}), i € I, of Lip-vNA is uniform if
(a) Uniform compactness: The family {((M;)1, L)} is uniformly
totally bounded.
(b) Uniform normalizer condition: Ve > 0 3K > 0: Vi € |,
ae (M)y,3b e (M) : Ni(b) < K and Lj(a— b) < ¢, where

N(a) = sup{max(L'(ab), L'(ba)) : L'(b) < 1}.

Theorem
A uniform sequence (Mp, L})) of Lip-vNA is gGH-precompact.
For any ultrafilter U, My, = qGH-lim,, M,, is a Lip-vNA.
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Ultraproducts and qGH limits

A description of the ultraproduct vNA

@ N(a) may be infinite;

@ N(ab) < N(a)N(b) and N(a) = N(a*),i.e. {N(a) < oo} is
a x algebra.

e L'(ab) < N(a)L(b), L'(ab) < N(b)L(a).
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Ultraproducts and qGH limits

A description of the ultraproduct vNA

@ N(a) may be infinite;
@ N(ab) < N(a)N(b) and N(a) = N(a*), i.e. {N(a) < oo} is
a x algebra.
e L'(ab) < N(a)L(b), L'(ab) < N(b)L(a).
Given a sequence (Mp, L},) of Lip-vNA, let us consider the
space A = {{an} € (°°(M,) : sup, Nn(an) < oo}~ Il. Then
Ay = pj,(A) is a C*-algebra. If (Mp, L},) is uniform, we have

My = @ mulA)",

wesS

where S is the set of states of A represented by sequences
{wn} of normal states of M, for which sup,, L(wn) < co.
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Assumptions and Results
Relations with the Buchholz-Verch construction

Scaling limits

Outline

© Scaling limits
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Assumptions and Results
Relations with the Buchholz-Verch construction

Scaling limits

Some references

@ D.Buchholz, R.Verch. Scaling algebras and
renormalization group in algebraic quantum field theory.
Rev. Math. Phys., 7 (1995), 1195-12309.

@ D.Buchholz, R.Verch. Scaling algebras and
renormalization group in algebraic quantum field theory. 1.
Instructive examples. Rev. Math. Phys., 10 (1998),
775-800.

@ H.Bostelmann, C.D’Antoni, G.Morsella. Scaling algebras
and pointlike fields. A nonperturbative approach to
renormalization. Commun. Math. Phys., 285 (2009),
763-798.
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Assumptions and Results

Relations with the Buchholz-Verch construction

Scaling limits

Nuclearity conditions

Let O — R(O) a local net of von Neumann algebras in the
vacuum representation, and let H be the generator of the time

translations.

Assumption (Uniform nuclearity)
Vro>03d >0:Vr<r,r/f8<d, the maps

=5r: R(Or) — B(H), aw~ e Hae P

are nuclear, uniformly in r/ (.
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Assumptions and Results

Relations with the Buchholz-Verch construction

Scaling limits

Nuclearity conditions

Let O — R(O) a local net of von Neumann algebras in the
vacuum representation, and let H be the generator of the time
translations.

Assumption (Uniform nuclearity)
Vro>03d >0:Vr<r,r/f8<d, the maps

=5, R(Or) — B(H), a— e PHae PH

are nuclear, uniformly in r/ (.

Theorem

Uniform nuclearity holds for the free real scalar field of mass
m > 0 in s > 3 spatial dimensions.
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Assumptions and Results
Relations with the Buchholz-Verch construction

Scaling limits

Compactness conditions

Assumption (Uniform compactness)

The maps ©,, : R(0,) — B(H), ar (I+ AH)~a(l+ AH)~" are
uniformly compact.
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Assumptions and Results
Relations with the Buchholz-Verch construction

Scaling limits

Compactness conditions

Assumption (Uniform compactness)

The maps ©,, : R(0,) — B(H), ar (I+ AH)~a(l+ AH)~" are
uniformly compact.

Uniform nuclearity implies uniform compactness.
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Assumptions and Results
Relations with the Buchholz-Verch construction

Scaling limits

Compactness conditions

Assumption (Uniform compactness)

The maps ©,, : R(0,) — B(H), ar (I+ AH)~a(l+ AH)~" are
uniformly compact.

Uniform nuclearity implies uniform compactness.

Assume the net O — R(O) satisfies uniform compactness.
Then, setting L\ (a) = ||(I + AH)~'a(l + AH) ||, (R(O,), L)) is
a Lip-vNA, with Nx(a) < ||a|| + Al|[H, al||-
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Assumptions and Results
Relations with the Buchholz-Verch construction

Scaling limits

gGH-scaling limit

Assumption (Uniform inner regularity)

Ve>03r<1:VA>0,acR(0,); 3@ € R(O,y); such that
Li(a—d)=||(I+ H)(a—-a)(I+ H) | <e.
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Assumptions and Results
Relations with the Buchholz-Verch construction

Scaling limits

gGH-scaling limit

Assumption (Uniform inner regularity)

Ve>03r<1:VA>0,acR(0,); 3@ € R(O,y); such that
Li(a—d)=||(I+ H)(a—-a)(I+ H) | <e.

Theorem

Let O — R(O) be a local net as above, satisfying uniform
compactness and uniform inner regularity. Then, for any O, the
family \O — R(XO) is a uniform family of Lip-von Neumann
algebras, therefore, for any ultrafilter U, the Lip-vNA’s

R(O)y = qGH-lim;; R(AO) form a local net, which we call the
qGH-scaling limit net.
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Assumptions and Results
Relations with the Buchholz-Verch construction

Scaling limits

The scaling algebra

qGH-scaling algebra:

As mentioned above, N,(a

A(0) = {{ax} € £>(R(XO
= {{ar} € I=*(R(\O
={{ax} € (2(R(AO

< |\all + Al|[H, &]||, therefore

) 1 sup, Nx(ay) < oo} I

) : supy Al|[H, || < oo}

) 1 supy [laxt(ax) — ax[| — 0, t — 0}.
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Assumptions and Results
Relations with the Buchholz-Verch construction

Scaling limits

The scaling algebra

qGH-scaling algebra:
As mentioned above, N,(a) <
A(0) = {{ax} € £>°(R(XO)) : supy Na(ax) < oo}l
= {{ax} € £2(R(A0)) : supy A[[[H, a]|| < oo}~
= {{a} € £2(R(A0)) : sup, [lane(ar) — axl| — 0, t — 0}.
Buchholz-Verch scaling algebra:
A(O)s}v ={{ax} € £22(R(AO)) : sup, [|oaax(ar) — axll — 0,
x — 0}.

llall + All[H, a]||, therefore
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Assumptions and Results
Relations with the Buchholz-Verch construction

Scaling limits

The scaling algebra

qGH-scaling algebra:
As mentioned above, N,(a) <
A(0) = {{ax} € £>°(R(XO)) : supy Na(ax) < oo}l
= {{ax} € £2(R(A0)) : supy A[[[H, a]|| < oo}~
= {{a} € £2(R(A0)) : sup, [lane(ar) — axl| — 0, t — 0}.
Buchholz-Verch scaling algebra:
A(O)s}v ={{ax} € £22(R(AO)) : sup, [|oaax(ar) — axll — 0,
x — 0}.
N.B.: the two C*-algebras coincide.

llall + All[H, a]||, therefore
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Assumptions and Results
Relations with the Buchholz-Verch construction

Scaling limits

The representation

qGH-representation:

R(OW = @ ma(A0))".

weS

where S 5 w if (w, @) = limy(wy, ax), with {wy} in B(H). and
supy [[(1+ AH)wx (I + AH)|| < .
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Assumptions and Results
Relations with the Buchholz-Verch construction
Scaling limits

The representation

qGH-representation:

R(Oh = D mu(A0)),
weS
where S 5 w if (w, @) = limy(wy, ax), with {wy} in B(H). and

supy [[(1+ AH)wx (I + AH)|| < .
Buchholz-Verch representations:

R(O)u = mu(A(0))",

where (w, a) = limy(w, a\), w € B(H)x.

Daniele Guido
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Assumptions and Results
Relations with the Buchholz-Verch construction

Scaling limits

With the assumptions above, any scaling limit net of the original
theory embeds as a subrepresentation in the qGH-scaling limit
net associated with some ultrafilter.
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Assumptions and Results
Relations with the Buchholz-Verch construction

Scaling limits

@ Clarify the relations between BV-representations and qGH
representations of the scaling algebra.

@ gGH-limits may help to prove some structural properties.
@ Use gGH-limits of Lip-vNA in different contexts.
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