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Abstract
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1 Introduction

The study of invariant states for the action of a group of #-automorphisms on =-algebras is a
well-established research topic. Indeed, the type of a factor R can be inferred by analyzing which
and how many states are invariant, see [35, 55, 56, 57, 58]. More precisely, if there exists a unique
invariant state w, then R is of type III or w is a trace and ‘R is of type II; or I,, with n < oo,
cf. [34]. When the group of x-automorphism & acts ergodically on R (or more generally on a
Von Neumann algebra), Kovédcs and Sziics proved in [38] that there exists a unique E-invariant
state. Ten years later, Stgrmer showed in [59] that, under the additional assumption that & is
a locally compact abelian group, the unique £-invariant state is a trace state. For several years
it has been an open problem if the same results hold with weaker assumptions (cf. [48]) and
a positive answer was given in [33], where it was shown that if £ is a compact ergodic group
of automorphism acting on a unital C*-algebra, the unique £-invariant state is a trace. Let us
underline that the existence and uniqueness of a E-invariant state on a C*-algebra (which is not
necessary a Von Neumann algebra) is guaranteed by the fact that £ is compact, see [55].

In most of the models inspired by mathematical physics, the group of #-automorphisms is not
compact nor Abelian, e.g. in abelian Chern-Simons theory, as studied in [17], £ coincides with
the symplectic group of automorphism. Nonetheless, it would be desirable to classify all the
invariant states inasmuch they are interesting from mathematical and physical point of views.
Indeed, they provide a ‘noncommutative generalization’ of the invariant measures in ergodic
theory and the representations of C*-algebras are implemented by unitary representations of
£ acting on a Hilbert space. From a physical perspective instead, they represent equilibrium
states in statistical mechanics, see [5, 23, 30, 36]. In [10] the authors classified invariant states
by the symplectic #-group of automorphisms on the group #-algebras that define irrational non-
commutative tori using elementary, and mostly algebraic, methods. More precisely, it was shown
that for irrational rotational algebras the only state invariant under the action of the symplectic
group is the canonical trace state. These #-algebras are obtained as twisted group algebras for
the abelian groups Z?" equipped with a symplectic form and the action of the symplectic group
Sp (2n,Z) on Z?" can be lifted to an ergodic group of *-automorphisms. In the present paper, we
generalize this result for many other twisted group algebras. To this end, in Section 2 we introduce
the abstract notion of a R-pre-symplectic abelian group, i.e. an abelian group equipped with a
R-pre-symplectic form, being R a fixed abelian group where the pre-symplectic form takes values.
This notion is considered for encompassing in a single concept different examples of symplectic
forms arising in different contexts. From Section 3, we will restrict our attention to the case
R = R/Z (that we denote T). After recalling how to assign a twisted group #-algebra Wg to a
T-pre-symplectic abelian group (G, o), where o denotes a fixed pre-symplectic form, in Section 4
we study Sp (G)-invariant states on Wg (where Sp (G) is the symplectic group of G) for some
specific G. A summary of the main results obtained is the following (see also Theorem 5.2):

Theorem 1.1. Let (G,0) be a T-pre-symplectic abelian group, then
1. if o is degenerate, then Wg admits plenty of Sp (G)-invariant states;

2. if (G,0) is symplectic, irrational (in the sense of Definition 4.8), the symplectic form is
diagonalizable (in the sense of Notation 2.20) and (G,o0) satisfies a technical assumption
(specified in Theorem 4.15), then G is torsion-free and the canonical trace is the unique
Sp (9)-invariant state on Wg;

8. if (G,0) = @®,.;(Z/nZ)? 02), where I has infinite cardinality and o2 is the canonical
symplectic form, then the canonical trace is the unique Sp (G)-invariant state on Wg.

Notice that in point 2. of Theorem 1.1 it is not assumed that G is finitely generated (otherwise
the theorem reduces to the result of [10]) and neither that it is a free module over Z. We conclude
the paper with some conjectures and by giving an application of our results to abelian Chern-
Simons theory.
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Notations and conventions

The set of prime numbers is denoted by P.

For any p € P, we denote with F), the finite field Z/pZ, with Q,, the field of p-adic.

The symbol K denotes one of the elements of the set {Z,Q,R,C,F,, Q,}.

- With T we denote the torus R/Z.

G and R denote abelian groups.

- o9, denotes the canonical symplectic form as defined in Example 2.3.

2 Symplectic abelian groups

A R-symplectic form on G is a map of abelian groups ¢ : G x G — R that satisfies the following
properties:

(I) Bilinearity: For any x,y,z’,y' € G, it holds that

oz+y, 2" +y) =o(x,2)+o(x,y)+o(y,2) +o(y,y).

(IT) Skew-symmetricity: For all x € G, it holds that o(x,z) = 0.
(III) Non-degeneracy: If o(x,y) = 0 for all y € G, then x = 0.

If we drop the requirement that o is non-degenerate we say that the form is R-pre-symplectic.
By denoting with Og the unit in G, it is easy to see that for all z,y € G, a R-pre-symplectic form
satisfy the relations

o(0g,x) =0, o(x,y) = —o(y,z).

Definition 2.1. A R-(pre-)symplectic abelian group is a pair consisting of an abelian group G
together with a R-(pre-)symplectic form o : G x G — R.

Remark 2.2. We remark that in the case when G is a discrete abelian group and R = T, our
definition of R-symplectic abelian group coincides with the definition of quasi-symplectic spaces
given in [39].

Clearly, Definition 2.1 is not the most general one. Namely, it is possible to generalize it
by considering pairs consisting of a module M over a base ring R and a skew-symmetric, non-
degenerate R-bilinear form on M with values on a fixed R-module. We are not interested in
developing this version of the theory in this work, although it can be done by easily adapting
our discussion. Before proving some properties of R-symplectic abelian groups, we give some
examples which are present in the literature.

Example 2.3. The prototypical example of a R-symplectic abelian group is obtained by endow-
ing K" with the standard K-symplectic form o : K?" x K?* — K (in this case R = K as an
abelian group). After fixing a base for K?" and the canonical scalar product < -,- >gon, the
K-symplectic forms read

o(2,y) =< x,00m Yy >g2n with O2n = (—I(:i Iil)”)
n
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and Id,, the n x n identity matrix. The K-symplectic abelian groups have been used in several
topics, e.g. for K = Z in noncommutative geometry [10, 18] and in abelian Chern-Simons the-
ory [17], for K = R,C in quantum mechanics [1, 26], in symplectic geometry and deformation
quantization [11], for K = F,, in modal quantum theory [52, 53] and for K = Q, in p-adic quantum
mechanics [63].

Notations 2.4. With a slight abuse of notation, we refer to o9, as the canonical symplectic
form.

Arithmetic geometry is another source of examples of symplectic abelian groups.

Example 2.5. The Tate modules associated to an elliptic curve equipped with the Weil pairing
are T-symplectic abelian groups. Explicitly, let E be an elliptic curve defined over C and let
[ € N. The I-torsion points of E are denoted by E[l] and it is well-known that E[l] =~ (Z/IZ)?.
The Weil pairing on E[l] is defined by the map

e : E[l] x E[l] - T

given by
(ad—bc)
Y~

6[((&, b),(C,d)) = 62 !
It is easy to check that e; is bilinear, non-degenerate and skew-symmetric. Notice also that e,
is compatible with ¢;, for any m € N, in the sense that
eml((aa b)’ (Ca d)) = el((maa mb)> (Ca d)) = 6[((&, b)a (mc, md))
Hence, fixing a prime p, one can pass to the limit and obtain a Weil paring

ep: l(iLnE[p”] X li<_mE[p"] — T
n n
on the Tate modules T,(E) = imE[p"].
n

As we shall see in the next example, not every symplectic abelian group appearing in natural
examples is finite-dimensional.

Example 2.6. Consider a K"-vector bundle E over an oriented manifold M and denote the space
of compactly supported sections with Tc(E). Then (Tc(E) @ I'.(E),0) forms a K-symplectic
abelian group, where o is given by

o(7.g) = Lo ) vl 2.1)

§ 0 volar

being o9, the canonical symplectic form and wvoly; the volume form of M. These symplectic
abelian groups have been intensively used to quantize (bosonic) field theory on Lorentzian man-
ifolds — see e.g. [12, 19, 27, 31] for reviews or textbooks.

By defining a morphism ¢ : (Gi1,0g,) — (G2,0¢,) to be a group homomorphism of the un-
derlying groups that preserves the values of the symplectic forms, the class of R-pre-symplectic
abelian groups form a category. We make this concept more precise in the next definition.

Definition 2.7. We denote by Sympy (resp. PSympy) the category whose objects are R-
symplectic (resp. R-pre-symplectic) abelian groups (G;,0g,) and whose morphisms are group
homomorphisms ¢ : G — Gs for which the following diagram commutes

G,
G1®z01 —— R
¢®¢>‘ 96,

Go ®z Go



Remark 2.8. The category of abelian groups fully faithfully embeds in PSympy, via the functor
that associates to an abelian group G the R-pre-symplectic abelian group (G, o) where oy is the
trivial pre-symplectic form that has value identically 0, nevertheless PSympy is not additive
because the sum of two morphisms does not preserve the values of the pre-symplectic form, in
general.

In analogy with symplectic geometry, for any subset A < G of a R-pre-symplectic abelian
group we define the orthogonal subset as

At = {zeGlo(x,a) =0,Ya e A}.

We will use the following simple construction for producing new R-pre-symplectic abelian
groups from known ones.

Proposition 2.9. Let {(G;,0:)}ier be a (small) family of objects of PSympy. Then the direct
sum (i.e. coproduct) of this family is the R-pre-symplectic abelian group given by
el el =

If all {(Gi,00,)}ier are R-symplectic abelian groups then also the direct sum is a R-symplectic
abelian group.

Proof. Using the fact that the tensor product functor commutes with colimits, as it is a left
adjoint functor, we can immediately conclude that

GerG= P Geng,,

(4,5)eIxI

as plain abelian groups. Moreover, since any element of G = EI—) G; is zero in all but finitely many

el
components, then we can define ZO’gi in the following way: For any g = (g;)ier, h = (hi)ier € G
el
(Z 0g,)(9,h) = Zagi (9i» i)
iel el

The latter sum is always finite and therefore well-defined.

By the universal property of G, there are canonical morphisms ¢; : G; — G which induce
morphisms ¢; ® ¢; : G; ® G; — G ® G by functoriality. We need to check that ¢; are morphisms of
R-pre-symplectic abelian groups. This amounts to show that the diagram

G®G —— R
Li®MJ 2.9G;

Gg®YG

is commutative. But this follows immediately by the definition of Z og, and by the fact that its

el
restriction on the image of ¢; is equal to og,. Hence, it follows easily that G has the universal
property of the coproduct in PSympy. It is also immediate to check that if {(G;, 0g,)}ier are
R-symplectic abelian groups then also G is a R-symplectic abelian group. O

Given a R-symplectic abelian group, it is important to study subgroups which are compatible
with the symplectic structure, in the sense that non-degeneracy is preserved. This leads us to
the following definition.



Definition 2.10. Let (G,o0) be a R-symplectic abelian group. A subgroup H < G is called
R-symplectic abelian subgroup if the symplectic form o restricts to a symplectic form on H.

Definition 2.10 is less obvious than one expects at first glance. Indeed, the restriction of a
symplectic form to a subgroup of G does not preserve, in general, the non-degeneracy property
of the form.

Proposition 2.11. Let (G,0) be a R-symplectic abelian group and x € G. Then, there ezists a
y € G such that the abelian subgroup of G generated by x and y is a R-symplectic abelian subgroup
of G.

Proof. We denote by (z,y) < G the subgroup of G generated by x and y. Since o is non-
degenerate, by definition for any x € G there exists a y such that o(z,y) # 0. Consider such a
y € G. Then, any element in z € {x,y) can be written as

2= NeX + NyY, MNg,Ny € 7L
and for any such, non-null, element we can find a 2’ € (x,y) such that
o(z,2")#0
by writing 2z’ = m,x + myy and using bilinearity to get
(e + nyy, mex + myy) = ngmyo(x, ) + ngmyo(x,y) + nymgo(y, ) + nymyo(y,y).

As by hypothesis o(z,y) # 0 we get that it is always possible to find a 2’ such that this expression
is not zero. O

Using the jargon of symplectic geometry, Proposition 2.11 can be restated by saying that each
x € G is contained in a hyperbolic plane. Therefore, we give the following definition.

Definition 2.12. We call hyperbolic plane H of G any R-symplectic subgroup of G given as in
Proposition 2.11.

Remark 2.13. Notice that any hyperbolic plane H < G is a finitely generated abelian group of
rank 2. It can be easily shown that if G is torsion-free it is isomorphic to Z? = (Z2,r03), where
for any r € R we use the notation
rog = ( 0 T‘) .
—r 0

Our notation in Remark 2.13 is well-defined due to the fact that for x1,x2 € G the products

(5 oG-

are well-defined elements of R (although we cannot multiply two such matrices). Instead, it
does not make sense to compute the determinant of roy as R is just an abelian group (written
additively) and the product r(—r) is not defined. With the next proposition we investigate further
the hyperbolic planes.

Proposition 2.14. Consider R = Z, 72 = (72, 09) and Z3 = (Z*,203). Then Z2 and 73 are not
isomorphic as R-symplectic groups.

Proof. In order to prove our claim, we show that it does not exists a group homomorphism
¢ : Z3 — 73 which is also a morphism of Z-symplectic groups. This can be understood via the
following argument: Since any group homomorphism is defined by its action on the generators,
it is enough to notice that the elements (1,0), (0,1) € Z$ cannot be mapped to any element of Z3
while preserving the values of the symplectic form. This because 205 never takes the value 1 on
Z3. Therefore, Hom (Z3,73) = @. O



Remark 2.15. The same kind of reasoning apply also for Z72"1 and Zgz for any r; # ro in any
abelian group R.

Having introduced the notation for hyperbolic planes Z? we can see that, in favorable con-
ditions, general symplectic abelian groups can be written in terms of them. Before stating our
results, we need a preparatory definition.

Definition 2.16. We say that an abelian group R is of rank 1 if every finitely generated sub-group
of R is cyclic, i.e. it is generated by one element.

Example 2.17. Abelian groups of rank 1 have been completely classified:
- A torsion-free abelian group of rank 1 is either QQ or a sub-group of Q.
- A torsion abelian group of rank 1 is either Q/Z or a sub-group of Q/Z.

Theorem 2.18. Let (Z*",0) be a R-symplectic abelian group and suppose R to be of rank 1.
Then

(z*,0) = (Z;, ® ®L;,) (2.2)

for some ry,...,r, € R.

Proof. First of all, we notice that assigning a symmetric bilinear form o : Z?" x Z?" — R is
equivalent to specify a 2n x 2n matrix with coefficients in R, in a similar fashion of what we
explained so far for the case n = 1 in Example 2.13. Indeed, since a linear morphism Z — R is
uniquely determined by the value of 1, we have

Hom 7(Z*" @y Z*",R) =~ Hom z(Z*",R) ~ Hom z(Z, R)™ =~ R*"*
where we used the fact that Hom z(Z, R) = R. Now consider the sub-group
S = 0(Z°" @z 7Z*") c R.

Since S is a finitely generated abelian sub-group of R it is either (abstractly) isomorphic to Z or
to Z/mZ for some m € N. Notice that we can consider o to belong in Hom 7(Z?" ® Z*"*,S) and
hence we can suppose that ¢ has values on a ring. Since Z and Z/mZ are principal ideal rings we
can apply Theorem IV.1 of [47] to conclude that (Z?", o) can be written in the claimed form. [

Corollary 2.19. Theorem 2.18 remains true if we drop the hypothesis that o is non-degenerate.

Proof. Theorem IV.1 of [47] is true also for degenerated symplectic forms for which it gives
(2?",0) = (Z2, @---®Z: @®H), with m < n and H a subspace where the symplectic form is
identically null. O

Notations 2.20. With an abuse of language, we say that the isomorphism (2.2) is a ‘diagonal-
ization’ of o.

For the next theorem we need to introduce some notation, based on Theorem 2.18.

Notations 2.21. Let o : Z?" ® Z*" — R be a symplectic form valued on a rank 1 group. By
identifying R with a sub-group of Q/Z (or with a sub-group of Q in the case R is torsion-free),
we can assume without loss of generality that the symplectic form o can be written with a matrix
of the form

M; (o) = ¢o(m;,;)
where ¢, € Q/Z (or Q) and m; ; € Z.



The last piece of notation we need is given by the external direct sum of a Ri-pre-symplectic
abelian group with a Ra-pre-symplectic one. Namely, if G is an abelian group and oy is a Rq-pre-
symplectic form on G and o4 is a Rq-pre-symplectic form (always defined on G), then G equipped
with the pre-symplectic form

(o1 B o2)(z) = (01(2), 02(2))

is a R1 @ Ra-pre-symplectic abelian group. We denote the group so obtained by (G, o1)H(G, 02).

Theorem 2.22. Let (Z*",0) be a R-symplectic abelian group and assume that R = R1®...ORn,
with R; of rank 1. Let us rewrite the symplectic form as o = o1[@. . . [Hoy, where o; : (Z*",0) — R;
and assume that

M(e)M(z;) = M(z;)M(c)
for all i, 7, where M(o;) denotes the matriz associated to o; as explained above. Then
(2%, 0) = (22", 00) @B - - - B (Z*, 01n)
where each (Z*",0;) is diagonal as in Theorem 2.18.

Proof. 1t is easy to see that the symplectic form o : 7" R7" > R2R1®...®R,, can always
be written in the form ¢ = o1 H...Ho,,. Notice that only ¢ is supposed to be non-degenerate,
and this does not imply that each o; is non-degenerate. On account of Corollary 2.19 we can
assign to each o; a matrix of the form

M(0i) = go, (m1)-

Without any loss of generality, we can set ¢, = % with ¢; € N. In this way, if we write t = [ [}, t;

the matrices .
~ t
v = g () )

are all integer valued (up to the factor t%n), and they represent the same symplectic form associ-

ated to M(o;), i.e. 0;. But as all coefficients of 1\71(0,») lie in Z[ t%n] < Q, we can simultaneously
identify this subset of Q with Z by multiplication by 2" in all the copies of Q we have chosen.
Once these identifications are done, we can assume that o is a symplectic form with values in Z™,
whose diagonalization is equivalent to the existence of a base which diagonalizes all the matrices

M(o;) at the same time, that is equivalent to M(o;)M(c;) = M(o;)M(0o;) for all 4, j. O
Corollary 2.23. Theorem 2.22 remains true if we drop the hypothesis that o is non-degenerate.

Proof. In the proof of Theorem 2.22 we used Corollary 2.19 that does not require the symplectic
forms to be non-degenerate. O

Example 2.24. Theorem 2.22 cannot be generalized as it is easy to find skew-symmetric matrices
which are not simultaneously diagonalizable by just considering two skew-symmetric matrices
whose commutant is not zero. Such an example could be

0 1 1 0 0 1 0 0
|l-10 0 o0 =10 0 o0
TT=1_10 0 1”210 0o o 1)
0 0 -1 0 0 0 -1 0
for which it holds
1 0 0 1 10 0 0 0 0 0 1
B o -1 0 o0 0 -1 -1 0] [0 0 10
GLo2 R0 = | g 1 1 0 0 -1 0] o =100
0 0 0 -1 1 0 0 -1 1 0 00



For a generic abelian group G there is a lot of freedom in defining symplectic forms on it, but
a constrain must be taken into account, as we will see in the next lemma: If G contains a torsion
sub-group Giors, then the symplectic form cannot take values on a torsion-free group (i.e. the
bilinear form must be degenerate).

Lemma 2.25. Let Ruee be a torsion-free abelian group. Then, for any abelian group G such that
Giors # 0, there does not exist a symplectic bilinear form o : G X G — Riree -

Proof. Suppose by contradiction that it is possible to define a symplectic form on G with values
in Riree
0:G %G — Riree -

Then, given any = € Giors, y € G there exists n € Z — {0} such that nz = 0, hence by bilinearity

no(z,y) = o(nx,y) = 0(0,y) = 0= o(x,y) = 0. O

2.1 The symplectic group and its orbits

Studying the orbits of the action of Sp(G,o) on G will be important for the classification of
Sp (G)-invariant states, as we shall see in Section 4. Let us begin by giving the definition of the
symplectic group in our context.

Definition 2.26. Let (G,0) be a R-(pre-)symplectic abelian group. The symplectic group of
(G, 0) is defined as

Sp (G,0) = Sp(9) = {M € Aut (G)|o o (M QM) = o}  Aut (),
where Aut (G) is the group of automoprhisms of G as an abelian group.

The definition just given is equivalent to say that Sp (G) is the group of automorphisms of
(G,0) as an element of PSympy. Hence, it is obvious that Sp (G) is a sub-group of Aut (G).

Example 2.27. The most classical example of symplectic group is the one associated to K2
equipped with its canonical symplectic form, i.e. Sp (K", 09,) = Sp (2n, K). Notice that Sp (2n, K)
is a sub-group of the special linear group SL (2n,K), and for n = 1, it is precisely equal to
SL (2,K). Moreover, for Fy we can notice that Sp (2n,Fs) = SO (2n,F3). More generally, these
symplectic groups have been thoroughly studied for finite-dimensional vector spaces over any field
K, see e.g. [6, 41, 44, 60].

Remark 2.28. Notice that the symplectic group is never trivial because the automorphism
Inv : g — —g preserves symplectic form. Indeed, by the linearity of ¢ one has that

O'(—ﬂj‘,—y) = _(_J($ay))) = O'(.%,y), Vr,yeg.

We are now ready for describing the orbits of Sp (G) for some important special cases. We
introduce the following notion.

Definition 2.29. An element in z = (z;) € Z" is called primitive if ged(z;) = 1.
Clearly any element = = (z;) € Z™ can be written as ged(x;)y, with y primitive.

Proposition 2.30. Suppose that r € R is not a torsion element. Then, the classical symplectic
group Sp (2n,7Z) is the symplectic group of (Z*",roay,) for any r € R and any abelian group R. A
set of representatives for the orbits of the action of Sp (2n,Z) on Z*" is given by & = {jy|j € N}
where y is a fixed primitive element.

Proof. The first assertion is easy to check and a proof the fact that the action of Sp (2n,Z) is
transitive on primitive elements can be found in Example 5.1 (ii) of [43]. The characterizations of
the orbits directly follows form this fact because elements of Sp (2n,Z) have determinant 1. [



If » € R is a torsion element, then (Z?",709,) can have more automorphisms than the ones
coming from Sp (2n,Z), e.g. for r = 0 (the trivial symplectic bilinear form).

Proposition 2.31. If r € R is a torsion element and G = (Z*",raa,), then
Sp (2n,Z) < Sp(G) < SL (2n,Z).

Proof. The inclusion Sp (G) < SL (2n,Z) is obvious. The inclusion Sp (2n,7Z) < Sp (G) follows by
standard computations. ]

For finite groups the situation is different and we show that for Fg there are only two orbits:
one fixed point and its complement. Even if it is a standard result, we would like to recall it.

Lemma 2.32. The classical symplectic group Sp (Fy,2) is the symplectic group of (FZ,TUQ) for
any r € R and any abelian group R. Moreover, for any elements m,n € Fz%’ different from (0,0),
there exists a © € Sp ((F2,0)) such that On = m.

Proof. The first claim easily follows from Proposition 2.30. For the second claim let m,n € IF% of
the form m = (m1,m2) and n = (n1,n2) and consider a generic © € Sp (F2) = SL (F3) satisfying

(cml + bn2>
m=06n = .
ceng + dno

Since I, is a field, and assuming that both m and n are not the null vector, we can always find

a,b, c,d € F, which solve the equations

any + bngy = my cng + dno = mo ad —bc=1.
Indeed, if n1 # 0 # mq1, we canset b =0, a = mlnfl, d= nlmfl and ¢ = (mg — ngnlmfl)nfl;
ifny 20 # mg wecanset d =0, ¢ = mgnl_l, b = nlmz_1 and a = (my — ngnlmgl)nfl; if
ng # 0 # m; wecanset a =0, b = mlngl, c = ngmfl and if d = (mg — nlngmfl)n;; and
finally for no # 0 # mq, we can use ¢ =0, d = mgngl, a= ngmg_1 and b = (mq — nlngmgl)ngl.
This concludes our proof. O

Lemma 2.32 can be readily generalized to (FZQ)", ro9,) but we postpone the proof of our claim
to Lemma 4.17 where we prove a more general result. Also, the description of the orbits of
((Z/NZ)*,ro9,) can be easily reduced to the study of congruences as the ones of Lemma 2.32.

The description of symplectic group of a generic R-symplectic abelian group is much more
complicated. A classification of all possible groups that arise in this way seems infeasible, therefore
we just discuss some examples that go beyond the classical cases described so far. In order to do
that, we introduce some notation. Let

gn17n2,7" = (Z2n1 ) TUﬂl) @ (Z2n2> UO)
where oq is the trivial pre-symplectic form. Notice that if r € R is not a torsion element then
SP (Gra,nar) = Sp ((Z2",100y)) x SL(Z°72).

Proposition 2.33. Let G = (Z>",0) be a T-symplectic abelian group. Then, Sp (G) can be written
as an intersection inside GL (2n,Z) of a finite number of conjugates of the symplectic groups of
the form Sp (Gn, 1 n; 0,r;) for some n;1,n;2 € N and r; € T.

Proof. Since Z*" has finite rank we can suppose that ¢ has values on a finite rank sub-group of
T, that we can write as R1 ® - - ® R,,. Therefore, we can write o as an external direct sum of
o1H- - -Hoym, where each of o has values on a rank one abelian group. By Theorem 2.18 each oy,
is diagonalizable (although not necessarily non-degenerate) and hence Sp (Gy, ,, ) for some
n;1,MN;2 € N and Ti € T.

NE,2,Tk
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Now, suppose that we have chosen a basis of Z?" such that oy is diagonalizable. By definition,
we can identify Sp ((Z*", 01)) with some Sp (Gn, ;10,1 )- Then, in general o3 is not diagonalizable
in the chosen base but it becomes by a suitable change of base, i.e. 09 = M!pM for some diagonal
p. Consider A € Sp (Z?",03). Then we have

MpM = oy = AlogA = A'MIpM A ,
which implies M AM ! € Sp (Z*", p) and therefore isomorphisms
Sp (Z2nv 02) = MSp (Zan p)M_l = Sp (gn2,17n2,2¢2) .

Clearly an element of GL (2n, Z) belongs to Sp (Z?", o102 ) if and only if it belongs to Sp (Z?", o1) N
MSp (Z*", p)M L. Tterating this reasoning finitely many times we get the claimed description of
Sp(Z*", o1 @ -Hom) = Sp(G). ]

Example 2.34. 1. Let G = (Z* o1 [ 02) with o1 and 09 as in Example 2.24. Then oy =
M7 oM with M given by

_ o O =
O O = O
O = O O
_ o O O

Then,by Proposition 2.33, we have
Sp(G) = Sp (Z*,01) " MSp (Z*,01)M ™" = {A e Sp (4,Z) | MAM " € Sp (4,Z)} .

We show that Sp (G) is a “big” group. For simplifying computations, and without changing
the outcome, up to isomorphism, we suppose that

0 0 0 1
1o o 1o|l /o0 1, o
=10 -10 0 _(—Id2 o>’“2_M“1M’
1 0 0 0

so that we can use nice blocks representations of matrices. We can also write

(1, 0 . (1dy A L (ldy 0
M_<A Id2>’ M‘(o Id2>’ M7=124 14,

A:<(1) g)

It is well-known (see [54]) that Sp (Z*,o1) is generated by block matrices of the form

Id S U 0 Q Ido — Q
TS:<O2 Idg)’ RU:<1 (Ut)_1>’ DQ:(Q—IdQ 2@ )

where S = St det(U) # 0 and Q is a diagonal matrix with only 0’s and 1’s. This generating
set is far from being minimal and indeed it is more interesting as a set of elements of
Sp (Z*, o1) than as a generating set. For describing elements of Sp (G) we might check
which of the above elements of Sp (Z*, o1) are also in MSp (Z*, o01)M~1. By straighforward
computations one gets that

where

MTeM-T — (Id2 —SA S )

—ASA  AS+1d,

11



and that
(MTsM ™ ')or (MTsM ") =

B —S(A+ AYH)S (SAH? + SA! +1dy — SASA! + SA
~ \(A8)2 + ASAtS — AS + A'S —1d, —(AS)2At — ASA + A(SA!)? + AtSAt

If we write
S = (81 S2> )
S2 83

then, in order to have that last expression is equal to o7 it is necessary that

5189 + 52 5183 + 595
S(A+At)S: %2 2 153 223 -0.
S5 + 5283 S283 + 53

This implies s; = so = s3, together with

—(AS)?A" — ASA + A(SA")? + A'SA" = (O 53 ) 0.
S9 5189 + S1S83
In particular we have so = s3 = 0. Therefore, none of the matrices Ts belong to Sp (G).
Similarly
1 (U 0
My M= <AU (Ut
and

1 v _ (0 Id
(MRUM )Jl(MRUM ) = <—Id2 A— UtAt(Ut)fl :

Therefore, for Ry € Sp (G), we need to impose the equation

A-UAUH =0

- <u1 ug)
us U4

1 UL —u?
Tt Aty -1 1U2 i
A= U AU detU <detU + u3 —ulug) '

and if we write

we get

Hence, we get the conditions
up =0, u% = —detU = ugusz = ug = us.

Therefore, we get a two dimensional family of elements of Sp (G) parametrized by the
matrices of the form U with uq = 0, ue = ug # 0. The same computations for the matrices
D¢ are lengthy and we omit them, we just mention that one can show that none of the
matrices Dg belongs to Sp (G). We conclude this example by remarking that the family of
elements we described is a two dimensional family that should not describe all the elements
of Sp (G) that is expected to be of dimension 5 as it is described as an intersection inside
GL (4,Z), that is of dimension 16, of Sp (4,Z) with its conjugate by the matrix M, that
are of dimension 10 (here the are considered as schemes over Z). A full description of the
group Sp (G) requires an analysis that is too long to be given here.

. By the description of Sp (Z?",0) given in Proposition 2.33 one expects Sp (Z?", o) to be
very small if the rank of the image of ¢ is large enough. Indeed, this already happens if the
rank is three because, as we described Sp (Z?", o) as an intersection of closed subvarieties of
GL (Z?", ) of codimension 2n? —n, then one expects to have a minimal generic intersection
already when we intersect three of them as 6n? — 3n > 4n? if n > 1. In such cases
Sp (Z*",0) = {£Id}. But still, even when the rank of the image of o is large, many
interesting examples with non-trivial symplectic groups are possible for specific choices of
matrices of change of bases.

12



3. Pre-symplectic abelian groups can have a big automorphisms group. For example, if we con-
sider (G, 09), where o is the trivial pre-symplectic form, we obtain that Sp (G) is isomorphic
to the group of automorphism of the abelian group G.

4. G = (Q% 09) is an example of a non-finetely generated R-symplectic abelian group and

Sp (9) = Sp(Q,2).

We refrain to study here the symplectic groups that arise in the case when the underlying
abelian group is not finitely generated. The complications involved in the study of such cases go
beyond the scope of the present work.

2.2 T-symplectic abelian groups

In this section we restrict our attention to the case of T = R/Z-valued symplectic forms. This
is motivated by Lemma 2.25 and by the fact that in many (quantum) physical applications, the
usual K-valued symplectic form o is composed with a character of the form y : K — S! < C, in
order to implement the so-called canonical commutation relations, cf. [40].

Proposition 2.35. Let (G,0) be a T-symplectic abelian group such that G is a torsion group and

G§=0G1DG

with G1 and Go of coprime torsion. Then o restricts to a symplectic form both on Gy and on Go;
moreover Go = gf and G1 = QQL.

Proof. 1t is enough to show that for any x € G; and y € G then o(z,y) = 0 (where we are
identifying G; and Gy with their image in G via the canonical morphisms). Indeed, by the non-
degeneracy of o there exists 2’ € G such that o(z,z’) # 0, therefore this must necessarily be in
G1. The same thing is true for y.

It remains to prove the claim. Suppose that there exist x € G; and y € G2 such that o(z,y) # 0.
Then, consider n, m € 7Z, coprime such that nz = 0, my = 0. Then,

o(z,ny) =no(z,y) = o(nz,y) = 0(0,y) =0
and on the other hand
o(mz,y) = mo(z,y) = o(x,my) = o(z,0) = 0.

But the element o(z,y) cannot be both of n and m torsion because m and n are coprime.
Therefore, o(x,y) = 0. O

Corollary 2.36. Let (G,0) be a torsion T-symplectic abelian group, then

(9,9) = D(Gp: op)

peP
where G, is the p-primary part of G and o, the restriction of o to G,,.

Proof. This is an immediate application of Proposition 2.35 using the fact that any torsion abelian
group G can be written as
G = PG,

peP

where G, is the p-primary part. O
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3 Symplectic twisted group algebras

Twisted group algebras arise in a wide variety of situations in mathematics, e.g. in the study of
representations of nilpotent groups and connected Lie groups [7, 9, 32], noncommutative differen-
tial geometry [16], the study of continuous C*-trace [25, 49], the algebraic approach to quantum
statistical mechanics [13] and quantum field theory [15, 29], and in the realization of octonions,
Clifford algebras and multiplicative invariant lattices in R™ [2, 3, 4]. In this paper, we shall focus
our attention to twisted group algebras arising from symplectic abelian groups. Since there exists
an extensive literature on this topic, see e.g. [14, 24], we just introduce them briefly.

Let (G, 0) be a T-pre-symplectic abelian group. From now on we use the multiplicative notation
for the operation of G. We will denote the idendity of G with 1g. It is also convenient to embed
T into C* as the complex number of modulus 1 and we denote with Q : G x G — C* the map
defined by

Q(l‘,y) - ema(z,y)'

Proposition 3.1. Let (G,0) be a T-pre-symplectic abelian group. Then, for any x,y € Giors ,
Q(z,y) is a root of unity.

Proof. As shown in the proof of Lemma 2.25, if 2,y € Giors then Q(x, y) must be a torsion element
of C*. These are precisely the roots of unity. O

We observe that since ¢ is bilinear and skew-symmetric 2 defines a group 2-cocycle. Indeed,
for any 1g, g1, g2, g2 € G we have Q(1g,g1) = Q(g1,1g) = 1 together with

Q(g1, 92)g192, 93) = g1, 92) (91, 93)2g2, 93)) =
= (g1, 92)29g1, 93)) (g2, 93) = 291, 9293) g2, 93) -

Next, we denote by twisted group algebra C[G]® the set of all finite C-linear combinations

azZagg with oy € C,
9€9

endowed with the twisted product defined by

ab = 2 (Z Q(g,h)ahﬁh_lg> g. (3.1)

geG \heg

It is straightforward to verify that twisting the product by a (non-trivial) group 2-cocycle makes
the algebra C[G]* non-commutative and associative, although G itself is a commutative group.
Moreover, the isomorphism class of the twisted algebra so obtained depends only on the group
cohomology class of the 2-cocycle and any cohomology class in H?(G, T) can be represented by a
pre-symplectic form (cf. [37, Theorem 7.1]). We shall see in Theorem 4.4 that this twisting reduces
considerably the number of Sp (G)-invariant states on C[G]* when the form is non-degenerate.
In order to distinguish positive elements, we promote (C[g]Q to a twisted group =-algebra by
endowing it with the involution * : C[G]? — C[G]® given by

a* = Z a9t (3.2)

9€g

Indeed, any positive element b in a complex x-algebra A can be written as b = a*a for a suitable
a € A — for more detalis see e.g. [22].
We are thus ready to summarize this short discussion with the following definition.

Definition 3.2. We denote by Wg o = Wy the symplectic twisted group #-algebra (STG-algebra)
obtained endowing C[G]** with the product (3.1) and with the involution (3.2).
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Remark 3.3. When completed by a canonical C*-norm, the twisted group algebras Wg q are also
called Weyl C*-algebras or exponential Weyl algebras in the literature, see e.g. [42, 50, 51]. The
reader should not confuse these algebras with the rings of differential operators with polynomial
coefficients which are also called Weyl algebras, see e.g. [20, 21].

Example 3.4. The natural settings for STG-algebras are quantum mechanics and bosonic quan-
tum field theory. Since there are many different bosonic QFT, let us consider for simplicity the
case of a scalar field ¢ satisfying the wave equation and denote with Sol the space of solutions.
Then, we have

WQQM = C[OOO(RG)]QQM and WQQFT = C[E(SOZ)]QQFT )

where £(-) denotes the space of complex linear functionals, the group 2-cocycles are given by
Qi(-,-) = e o) ogum is obtained using the canonical symplectic form of RS as in Example
2.6, while ogpr by (2.1).

Notice that have implicitly assumed that the spacetime is R*. For a generic globally hyperbolic
spacetime, namely a n-dimensional oriented Lorentzian manifold diffeormophic to R x 3, being
Y. a Cauchy surface, the STG-algebras are respectively defined as

WQQM = (C[COO(T*E)]QQM and WQQFT = (C[S(SOZ)]QQFT )

being T*¥ the cotangent bundle of ¥. For more details, we refer to [27]. It is interesting to notice
that, while the representations of Wgs are all unitary equivalent, according to the Stone-Von
Neumann’s Theorem [62], there exist plenty of inequivalent representations of Wqpr according
to Haag’s Theorem [28]. Finally, we observe that to each positive element of W corresponds a
unique physical observable associated to the theory.

Example 3.5. One of the most studied objects in noncommutative geometry is the so-called
noncommutative torus. It is defined as the universal C*-algebra 21y generated by unitaries U,V €
C(T?, C) satisying the canonical commutation relations

UV =™y, (3.3)

It is easy to see that 2ly is isomorphic to the C*-completion of the STG-algebra Wy o, where
is the group 2-cocycle on Z? given by

Q(n, m) _ e2z7r002(n,m) feR,

being o5 the canonical symplectic form on Z2. Indeed, this twisted group C*-algebra is generated
by the unitary operators U = (1,0) and V = (0, 1) acting on ¢?(Z?)

Uf(n,m) =e 2™ f(n +1,m) and Vf(n,m)=e 2™ f(n,m+1).

By a straightforward computation it is easy to see that this generators satisfy the canonical
commutation relation (3.3).

Remark 3.6. Notice that the association (G, o) — Wg o is a functor from the category PSympr
of T-pre-symplectic abelian groups to the category of *-algebras over C. Therefore, the action of
the symplectic group Sp (G) on G can be lifted to an action on Wg by algebra automorphism via
the formula
Dg(a) = Z ay 0(g) with a, € C and © € Sp (G).
9€9

If the only invariant subspace of W under the action of ®g, for all © € Sp (G), is spanc{lg} then
the action of Sp (G) is said ergodic.

Proposition 3.7. For a symplectic abelian group (G, o) the following statements are equivalent:

15



- The only finite orbit of Sp (G) on G is the fized point 1g;
- The action of Sp (G) on Wg is ergodic.

Proof. Assume that there exists a finite Sp (G)-orbit O < G. Then any element of the form
a =209 is a fixed point for the action of Sp (G) on Wg, namely for any © € Sp (G) we have
®g(a) = a. By logic transposition, this implies that if the action is ergodic then finite orbits for
the action of Sp (G) on G do not exist.

Conversely, if the action is not ergodic, then there exists at least an element a # alg, with a € C,
such that, for all © € Sp (), it satisfies ®g(a) = a. Now write a as the finite sum a = 3, » g
(this is always possible because all the non-zero coefficients of a must be equal), with O a finite
subset of G. By what we wrote above we get

O(a) = 2®g=29=a VO € Sp(G).

©geO geO

This implies in particular that Sp (G) maps elements in O to elements in O, therefore it is a finite
orbit. O

4 Sp(G)-invariant states

In this section, we keep the notation of the last section and we denote the STG-algebra associated
to a T-pre-symplectic abelian group G simply as Wg. Let now w be a state, namely a linear
functional from Wy into C that is positive, i.e. w(a*a) > 0 for any a € Wy, and normalized,
i.€e. w(lg) = 1.

Definition 4.1. We say that a state w is Sp (G)-invariant if for any =-automorphism ®g €
Aut (Wg), with © € Sp (G), it holds wo Pg = w.

Remark 4.2. As anticipated in Example 3.5, the STG-algebra Wy can be equipped with a
C*-norm in a canonical way, and hence it can be completed to a C*-algebra Wg. Since every
positive functional on W can be extended to a positive functional Wg (cf. [45]) and every positive
functional on Wg can be restricted to a positive functional on Wg, then in the rest of the paper
we shall focus only on Wg.

In order to construct a (Sp (G)-invariant) state w on the STG-algebra Wg, it is enough to
prescribe its values on each generator of Wg and then to extend it by linearity to any element
a € Wg. So, the Sp (G)-invariance condition for a state w can be written

1 if g = 1g

4.1
¢9eC else (4.1)

w(O(g)) = wlg) = {

for a sequence of values ¢(9). Following [10, Section 2], we can prove the following.

Proposition 4.3. Let Wg be a STG-algebra and consider a Sp (G)-invariant state w. Then, for
any g € G, it holds

w(g) € [-1,1].

Proof. Since w is a linear positive functional, then, for every g € G, it holds

w((9+1¢)" (9 + 1)) =2+ w(g") +w(g) €[0,0).

According to Remark 2.28, there exists an element Inv € Sp (G) defined by g — ¢~! and it holds

w(g) = w(g*) =w(g™") = w(lnvg) = w(g),
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where in the fourth equality we used the invariance of the state under the action of the symplectic
group. Let now be a; = g + 1g. Since w as a positive functional has to satisfy

which concludes our proof. O

As anticipated in Section 3, the twisting of the product of C[G] by 2 plays an important role in
the characterization of the Sp (G)-invariant states. Indeed, if we simply consider the (untwisted)
group =-algebra C[G] (that corresponds to considering the trivial pre-symplectic form on G), then
there are uncountably many Sp (G)-invariant states, as shown in the next proposition.

Proposition 4.4. Let C[G] be the (untwisted) group #-algebra associated to the symplectic abelian
group (G, 00), where og is the trivial pre-symplectic form. Then, there exist infinitely many Sp (G)-
mvariant states.

Proof. 1t is easy to notice that any constant functional given by

)1 ifg=1g
wlg) = {q e [0,1]R else (42)

is Sp (G)-invariant (in this case Sp (G) agrees with the group of automorphism of G). We need
just to verify that it is positive. To this end, we notice that for every finite dimensional subspace
of V < C[G], the map a — w(a*a) is a quadratic form, therefore it can be written as

w(a*a)=ad Ha

where H is a Hermitian matrix and « a vector with components o; € C. On the (d + 1)-
dimensional subspace spanned by the elements {1g, h;}1<j<q the entries of the matrix H can be
described as

(H)oo = (H);,; =1, ji=1 (4.3)
(H)i,j = (H)j,z’ =dq, 1 #] (44)

where (4.3) holds because of the state normalization condition. By a straighforward computation,
we have that the eigenvalues of H are given by

A =dg+1 and ANi=1—q fori=1,...,d.

Since analogous considerations hold for subspaces of C[G] not containing 1g (and hence for any
finite dimensional subspace), we can conclude that w given by (4.2) is indeed a positive and
normalized Sp (G)-invariant functional. O

It is an easy corollary of Proposition 4.4 that any abelian group equipped with a degenerate
T-pre-symplectic form always admit many invariant states (we will discuss a proof of this fact
in Section 5). In particular, it is immediate to check that the rational non-commutative torus
admits many invariant states as it comes equipped with a degenerate T-pre-symplectic form.

Now we start to study Sp (G)-invariant states on Wg, with the hypothesis that the product
is twisted in a non-trivial way and that the form is non-degenerate.
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4.1 (G is torsion-free

In this section, we analyze invariant states in the case of torsion-free groups. In particular, in
Theorem 4.15 we provide a sufficient condition for the symplectic abelian group (G, o) to have a
unique invariant state. The proof is obtained by reducing to the case solved in our previous work
[10]. The aim of this section is to deal with the case when G is not finitely generated. To this
end, we need preparatory lemmas and definitions. Recall that the rank of an abelian group G is
defined as the dimension of the Q-vector space G ®z Q.

Definition 4.5. Let G be a torsion-free abelian group, we say that G is a completely decomposable
if G = @,.; Gi where G; is a rank 1 torsion-free group, i.e. a sub-group of Q.

The class of completely decomposable abelian groups is an amenable class of non-finitely
generated abelian groups , including the class of Q-vector spaces. Nevertheless, groups appearing
in applications might be not completely decomposable

Example 4.6. The additive group Z, of p-adic integers is not completely decomposable (it
follows from [8, Example 7.4]).

Given a torsion-free T-symplectic abelian group (G,o) we can always consider the Q-vector
space G ®z Q generated by G and extend the symplectic form to G ®z Q by considering the
T-symplectic form

(0 ®2 Q)(q191,3292) = ©1q20(91, g2),

for any g1,92 € G and q1, ¢2 € Q.

Lemma 4.7. Let (G,0) be a T-symplectic abelian group of rank 2, then o = (rog)|g for areT.

Proof. By hypothesis G®7Q =~ Q2. Let x,y € G be two generators of G®z Q as a Q-vector space.
Any element in G ®z Q can be written as ¢« + ¢,y with ¢, ¢y, € Q. By writing

Ny Ny

Qx:dixa Qy:di

<

we get by bilinearity that
(4. 0,0) (50
O\qzZ, qyy) = NgNy0 | — - |,

and the relations
g T
xdx
again by bilinearity imply
Ty Ty o(z,y)
= d,d —_—, = —, =] = .
ole.y) 0 (dz dz> -7 <dx dm> dypd,

This implies that the knowledge of the value o(x,y) uniquely determines the simplectic form o
as G injectively embeds in G ®z Q. O

Definition 4.8. We say that the symplectic form ¢ : G ® G — T is irrational if
c(GRG) N Q/Z = {1}.

We say that the state on the STG-algebra Wy defined by the values

rg) = {1 if g = 1g

0 otherwise

and extended to Wg by linearity is the tracial state. We also often use the following hypothesis.
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Assumption 4.9. On any finitely generated sub-group F < G the restriction of o to F satisfies
the hypothesis of Theorem 2.22.

A first result about non-finitely generated torsion-free groups is the following.

Lemma 4.10. Let G be a T-symplectic abelian group of rank 2 such that o is irrational. Then,
the only Sp (G)-invariant state on Wg is the tracial state.

Proof. By Lemma 4.7 the claim follows by a direct application of Theorem 2.2 of [10]. O
The next step is to generalize the previous lemma to all injective abelian groups.

Lemma 4.11. Let (G,0) be an injective T-symplectic abelian group such that o is irrational and
that satisfies Assumption 4.9. Then, the only Sp (G)-invariant state on Wg is the tracial state.

Proof. The condition of G being injective is equivalent to G being a Q-vector space. By Proposi-
tion 2.11 we know that there is a hyperbolic plane H < G that contains g. Since G is a Q-vector
space then we can consider the Q-vector space generated by H in G, that we denote Hg. The
restriction of o to Hg is a T-symplectic form, hence Hg is isomorphic to (Hq,r02), for some
irrational r, as a consequence of Lemma 4.7. Since o is diagonalizable, it is easy to see that

(g7 U) = (HQ’ U‘HQ> D (Hév O'|7-{,@J-)

as a T-symplectic abelian group, because it is easy to check that o(h,h’) = 0 for h € Hg, b’ € 7—[6
Therefore, we get an inclusion Sp (Hg) < Sp(G). This implies that every Sp (G)-invariant state
w on Wg must restrict to a Sp (Hg)-invariant state on Wy,,. This implies that w is trivial on Hg
by Lemma 4.10. O

The next one is our first general result.

Theorem 4.12. Let (G, o) be completely decomposable T-symplectic abelian group such that o is
irrational and that satisfies Assumption 4.9. Then, the only Sp (G)-invariant state on Wg is the
tracial state.

Proof. We can embed G in its injective envelop G ®z Q, that comes equipped with a structure
of T-sympletic abelian group o ®z Q that canonically extends the one of G, and for any g € G
we can consider a Q-hyperbolic plane Hg < G ®z Q containing g. Now, suppose that there
exists a non-trivial Sp (G)-invariant state on Wg, then this state would be such that w(g) # 0
for some g # 1g. For such a g we have that (G,0) =~ (Hg n G,0) ® (Hg n G)*, o), by the same
reasoning used in Lemma 4.11. Therefore, Sp ((Hg n G,0)) embeds in Sp (G), proving that any
Sp (G)-invariant state on Wg must restrict to the trivial state on (Hg n G, o), contradicting to
the hypothesis that w(g) # 0. O

In the next theorem we axiomatize the proof of Theorem 4.12. In order to do that we introduce
the following concepts.

Definition 4.13. Let (G,0) be a T-symplectic abelian group. Let H < (G,o0) be a rank 2
hyperbolic plane (by this we mean a sub-group of rank 2 of G where o restricts to a non-degenerate
form). We say that H is split if

G=(H,on)®(H opn)
as a T-symplectic abelian group.

Notice that for any split hyperbolic plane H < (G, o) we have an injective morphism

Sp (H) — Sp(9).
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Definition 4.14. Let (G,0) be a T-symplectic abelian group. Let {#;}ic; be the family of split
hyperbolic planes of G. We define the group of plane automorphisms of G as

{Sp (Hi)}ier) = Sp (9),
and we denote it by Sp(G).

Theorem 4.15. Let (G,0) be a T-symplectic abelian group such that o is irrational and As-
sumption 4.9. Assume also that Sp () ®z Q > Sp (G ®z Q), where G ®z Q is equipped with the
T-symplectic form o ®z Q. Then, the only Sp (G)-invariant state on Wg is the tracial state.

Proof. Let G®7Q be the injective envelope of G. Notice that every automorphism of G lifts to an
automorphism of G ®7z Q because of the universal property of G ®z Q. This gives an injection of
Sp (G) in Sp (G ®z Q) because G ®yz Q is equipped with the T-symplectic form o ®z Q. Since we
assume that Sp (G) ®z Q > Sp (G ®z Q), this implies that every Sp (G)-invariant state induces
an invariant state on Wg~,, for any split hyperbolic plane H; of G ®z Q. And this restriction
must be trivial as a consequence of Lemma 4.10. Since each non-null element of G ®z Q generates
a split hyperbolic plane, we get that only the only Sp (G)-invariant state on Wg is the trivial
state. O

Remark 4.16. Without the hypothesis of diagonalization of Theorem 2.22, the symplectic group
could be very small, as discussed in Example 2.34. Therefore, its action could not be ergodic,
allowing many invariant states in some specific cases.

4.2 @ is torsion and non-finitely generated

In this section we investigate the uniqueness of Sp (G)-invariant states for torsion T-sympletic
abelian groups G of infinite rank. Since a complete classification of this class of groups is not
known, we shall focus our attention on some important examples. First, consider an infinite

direct sum
2
G = P(F,,02)
iel

where I is any set of infinite cardinality (as if I is finite than the action of Sp (G) on Wg is not
ergodic, on account of Proposition 3.7, and it is not difficult to see that in this case Wg has many
invariant states). Without loss of generality, we assume I = N, since the cases when I has bigger
cardinality can be dealt in the same way or reduced to this case.

Lemma 4.17. The action of Sp(G) on G = @,.;(F2,02) has only one orbit besides the one of
the identity of G.

Proof. Let g, h € G be two non null-elements. By definition, we can write g = (g;), h = (h;) with
gi,h; € IF‘?, where only a finite number of g; and h; are not null (for simplicity in this lemma we
are using the additive notation for the operation of G). Let us write g;,,...,¢;, and hj,, ..., hj,
for the non-null components of g and h. We can always find elements ¢4, ¢, € Sp (G) such that

bq(9) = ((z, ), (z,2),...,(x,x),(0,0),...)

o
Y
n times

and

on(h) = ((z,x), (z,x),..., (m,xz, (0,0),...),

~

~
m times

for an arbitrary fixed non null-element x of IF,. This is due to the fact that in a direct sum of the
form (IE‘I%, 09) @ (IE‘IZ,, o92) the map that sends an element (x1, z2,x3,x4) to (z3, x4, x1,z2) is easily
seen to be in the symplectic group. The general result follows by induction.

In this way, we can map g and h to vectors whose non-null components are in the first n and m
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coordinates respectively. Then, the symplectic group Sp ( (IF%, 02)) of each factor maps injectively
in Sp (G) because they are split hyperbolic plane in the sense of Definition 4.13. Then, applying
Lemma 2.32 we get the desired form for ¢,4(g) and ¢, (h).

It remains to check that we can always map the elements ¢4(g) and ¢y (h) to each other via
an element of Sp (G). The general case can be reduced to the case ¢4(g) = ((x, ), (z,2)) and
én(h) = ((z,z),(0,0)) by induction, so we discuss only this case. Then, it is enough to show
that there exists a symplectic automorphism 1 : (IF?), 04) — (Fé, o4) such that ¥(¢4(g)) = ¢n(h).
Consider the following matrix

100 0
01 1 —1
M=11 01 o
100 1

It is easy to check that the automorphism induced by M on (Fﬁ, o4) belongs to the symplectic
group. Since we have

— = O
OO~ O
O R, = O
o |
—
SO &8 8
88 8 8

we can conclude the proof. O

As immediate consequence of Lemma 4.17 we obtain that a Sp (G)-invariant state on Wg must
be constant on all generators. With the next theorem prove uniqueness of Sp (G)-invariant states
on Wg.

Theorem 4.18. Let Wy be the symplectic twisted group algebra associated to G = @, (F2, o)
and consider the constant normalized functional w : Wg — C given by

1 ifg=1g
w(g) = .
q€[-1,1], otherwise.

Then, w is positive if and only if ¢ = 0.
Before entering into the details of the proof, we define some useful notation.

Notations 4.19. With M,,(p, ¢), we denote the n x n matrix given by

(M (p,q))jj = ji>1
(M (p, 9)1,5 ( n(P:q))j1 =p j>1
(My(p,9))i; = Mn(p,q))ji = ¢ else

for which p, q € C.

Proof of Theorem 4.18. Consider any element in g € G. We want to find, for any n € N, suitable
sequences of elements ay g, ..., a,,r € Wg, for 1 < k < p such that the matrix associated to the

k
quadratic for w(a’,a;x), for 1 < 4,j < np, is of the form an(q,qe%”?), using the notation of

k
Notations (4.19). If ¢ is such that the functional w is positive, then all matrices My, (q, qezmﬁ)

must be positive.
Suppose that such elements exist. Then, we can consider the matrix

1 P k
2m =
- Z np q qe p) = an(an)'

’B

By hypothesis this can be done for any n. Hence, for a fixed g there exists a n big enough such
that the matrix R,, is non-positive, as it follows immediately by computing the determinant of
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k
R,. But this is in contradiction with the hypothesis that all the matrices Mpn(q,qe%”?) are
positive, as the convex sum of positive matrices must be a positive matrix.
It remains to show that it is always possible to find such elements a; ;, for which the matrix

k
associated to the quadratic for w(af,a;) is an(q,qe%%). To this end, consider a generic
element e; € G. It is enough to find for any n € N elements eo, ..., e, € G such that

(e, ej) = eX™k/P, (4.5)
But since e2™#/? ig a primitive p-th root of 1, we can identify the elements e2™k/P with elements of
F, and the (4.5) becomes a linear system of finitely many equations with F,, coefficients. Since F,,
is a field and G is an infinite dimensional vector space over it we can always find a suitable finite
dimensional subspace of G where the system (4.5) admits solutions, concluding the proof. O

We conclude this section, by showing how the proof of Theorem 4.18 can be generalized to
the case when I, is replaced with Z/nZ. Indeed, the case when n = pf, and therefore (Z/nZ)? is
equipped with is canonical T-symplectic form determined by o2((1,0),(0,1)) = e%, can be dealt
in the same way as done in Theorem 4.18, using the fact that in this case there are f different orbits
each of which with infinite element, besides the trivial orbit of the identity element. Therefore
the following corollary.

Corollary 4.20. Theorem 4.18 remains true when for G = @,.;(Z/nZ)?, o3).

Proof. We already remarked that the case when n = pf is similar to the case of the theorem.
The general case follows from Corollary 2.36 and the observation that in this case

Sp(DG,) =[50 (G))

peP pelP
where G, is the p-primary part of G. O

We conclude this section by remarking that it is easy to find examples of infinite torsion
groups on which the action of any group of automorphism cannot give ergodic STG-algebras, as
their p-primary parts are finite, e.g. @pe]P’ Fp.

5 Conclusions

We conclude this paper with some conjectures and an application of our results to abelian Chern-
Simons. To this end, let us remark that, in all cases we have considered so far, we proved the
uniqueness of Sp (G)-invariant states when the group G was equipped with a non-degenerate pre-
symplectic form. Indeed, it is easy to see that this is a necessary condition on Wg for having a
unique Sp (G)-invariant state.

Corollary 5.1 (Corollary to Proposition 4.4.). Let (G,0) be a T-pre-symplectic abelian group.
If o is degenerate, then Wg admits plenty of Sp (G)-invariant states.

Proof. If the pre-symplectic form on G is degenerate, then Gt # 0 and @(gl) < Gt for all
® € Sp(G). Then, it is easy to check that any functional defined by

1 ifg=1g
7(9) =40 g¢gt
q gegt

with g € (0,1), is Sp (G)-invariant and positive on account of the computations done in the proof
of Proposition 4.4. O
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The next theorem summarizes our main results on the uniqueness of Sp (G)-invariant states,
i.e. Corollary 5.1, Theorem 4.15, Theorem 4.18 and Corollary 4.20.

Theorem 5.2. Let (G,0) be a T-pre-symplectic abelian group, then
1. if o is degenerate, then Wg admits plenty of Sp (G)-invariant states;

2. if (G,0) is symplectic, irrational (in the sense of Definition 4.8), the symplectic form is
diagonalizable (in the sense of Notation 2.20) and Sp (G) ®z Q o Sp (G ®; Q), then G is
torsion-free and Wg admits only one invariant state;

8. if (G,0) =~ @,.;(Z/nZ)? 02), where I has infinite cardinality, then the associated STG-
algebra admits a unique Sp (G)-invariant state.

From these results, we conjecture the following to hold.

Conjecture 5.3. If (G,0) is a T-symplectic abelian group such that the action of Sp (G) on Wg
is ergodic, then there are no non-trivial Sp (G)-invariant states on Wg.

A step in this direction is the following weak version of Conjecture 5.3.

Conjecture 5.4. If (G, 0) is a irrational T-symplectic abelian group such that the action of Sp (G)
on Wg is ergodic and o is diagonalizable, then there are no non-trivial Sp (G)-invariant states on

We.

One possible approach to Conjecture 5.4 is to prove that the technical assumption Sp (G) ®7z Q >
Sp (G ®z Q) in Theorem 4.15 is always satisfied.

We conclude this paper with an application of the results proven so far inspired by [17]. In
loc.cit., the quantization of Abelian Chern-Simons theory is interpreted as a functor

2 : Many — STG-Alg

which assigns symplectic twisted group #-algebras to 3-dimensional manifolds of the form R x X,
where Y is a 2-dimensional oriented manifold. This assignment is obtained by composing the
functor

G := (H}(—,7),0) : Many — PSympy
which assign to every ¥ € Many its first (singular) homology group with compact support H} (%)
endowed with a T-valued pre-symplectic form o, with the functor

CCR : PSymp — STG-Alg

which assign to every Z-pre-symplectic abelian group a symplectic twisted group algebra. We
say that such a functor 2 is a Cherns-Simons functor.

By functoriality, €€ induces a representation of the group of orientation preserving diffeo-
morphisms Diff* (X)) of X, that is the group of automorphisms of ¥ in Mans, on (X)) as a group of
x-algebra automorphisms. This representation can be related to a representation of the mapping
class group and, for compact ¥, to a representation of the discrete symplectic group Sp (2n,Z).
For a quantum physical interpretation of quantum Abelian Chern-Simons theory it is necessary
to choose for each ¥ € Many a state wy, : 2(X) — C on the STG-algebra A(X). Motivated by the
functoriality of the association, it seems natural to demand that the family of states {ws}seman,
is compatible with the functor 2 : Many, — STG-Alg in the sense that

wyr 0 A(f) = ws

for all Mang-morphisms f : ¥ — ¥/. Such compatible families of states are called natural states
on 2 : Mans — STG-Alg. Even though the idea of natural states is very beautiful and appealing,
there are hard obstructions to the existence of natural states.

Using the results in Theorem 5.2 we can now generalize the main result of [17]. Before stating
the theorem, let us given a definition.
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Definition 5.5. We say that a Chern-Simons functor is irrational and not degenerate if each
21(X) is irrational in the sense of Definition 4.8 and, for any ¥ such that H}(3;Z) ~ Z*", the
symplectic form is non-degenerate.

Theorem 5.6. There exists no natural state for an irrational and non-degenerate Chern-Simons
functor.

Proof. Let us assume that there exists a natural state {wy}seman,. Consider the Mans-diagram
s? LR x T - 72

describing an orientation preserving open embedding of the cylinder R x T into the 2-sphere S?
and the 2-torus T2. The Chern-Simons functor assigns *-homomorphisms

2A(52) Y gur x T) 292 ((12)

and the naturality of the state implies the condition

wg 0 A(f1) = wryr = wrz2 0 A(Sf2) - (5.1)

Because of H}(S%Z) = 0, it follows that %(S?*) ~ C and hence wg, = Id¢ has to be the unique
state on C. Using further that H!(R x T) ~ Z, it follows by the first equality in (5.1)

wrxr(n) =1, (5.2)

for all n € Z. By the non-degeneracy hypothesis on 2 it follows that (H!(T?;Z), oq2) is isomorphic
to the abelian group Z? with an irrational T-symplectic form, i.e. 2(T?) is an algebraic irrational
non-commutative torus. We can choose fy such that the s-algebra homomorphism 2(f2) : A(R x
T) — A(T?) is given by n ~— (n,0), for all n € Z. As a consequence of (5.1) and (5.2), we obtain
that

W2 ((n,O)) =1,

for all n € Z, which is not positive by Theorem 4.12 and hence not a state. O

References
[1] S. Albeverio and A. N. Sengupta, Complex phase space and Weyl’s commutation relations. Expo.
Math. 34 (2016), 249-286.

[2] H. Albuquerque and R. C. KrauBhar, Multiplicative invariant lattices in R™ obtained by twisting of
group algebras and some explicit characterizations. J. Algebra 319 (2008), 1116-1131.

H. Albuquerque and S. Majid, Quasialgebra structure of octonions. J. Algebra 220 (1999), 188-224.

ST

H. Albuquerque and S. Majid, Clifford algebras obtained by twisting of group algebras. J. Pure Appl.
Algebra 171 (2002), 133-148.

H. Araki, A Lattice of Von Neumann Algebras Associated with the Quantum Theory of a Free Bose
Field. J. Math. Phys. 4 (1933), 1343.

C. Asmuth, Weil Representations of Symplectic p-Adic Groups. Amer. J. Math. 101 (1979), 885-908.

<

=N

L. Auslander and C. C. Moore, Unitary representations of solvable Lie groups. Mem. Am. Math. Soc.
62 (1966), 199.

[8] R. Baer, Abelian groups without elements of finite order. Duke Mathematical Journal, 3 (1937), 68-
122.

24



[9]
[10]

[11]

(34]

[35]

L. Baggett and J. Packer, The Primitive Ideal Space of Two-Step Nilpotent Group C*-Algebras J.
Funct. Anal. 124 (1994), 389-426.

F. Bambozzi, S. Murro and N. Pinamonti, Invariant states on noncommutative tori. arXiv:1802.02487
[math.OA]

F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz, D. Sternheimer, Deformation theory and quanti-
zation. I. Deformations of symplectic structures. Annals of Physics 111 (1978),61-110.

M. Benini, C. Dappiaggi and T. P. Hack, Quantum field theory on curved backgrounds — a primer.
Int. J. Mod. Phys. A 28 (2013), 1330023.

O. Bratteli and D. W. Robinson, Operator Algebras and Quantum Statistical Mechanics I & II.
Springer (1987).

B. Blackadar, Operator Algebras: Theory of C*-Algebras and von Neumann Algebras. Springer (2005).

R. Brunetti, C. Dappiaggi, K. Fredenhagen and J. Yngvason, Advances in algebraic quantum field
theory. Springer (2015).

A. Connes, Non-commutative differential geometry. Publ. LH.E.S 62 (1985), 41-144.

C. Dappiaggi, S. Murro and A. Schenkel, Non-existence of natural states for Abelian Chern-Simons
theory. J. Geom. Phys. 116 (2017), 119-123.

M. Degli Esposti, Quantization of the orientation preserving automorphisms of the torus. Ann. Inst.
Poincaré 58 (1993), 323-341.

J. Dereziniski, and C. Gérard, Mathematics of quantization and quantum fields. Cambridge University
Press, (2013).

J. Dixmier, Sur les algébres de Weyl II. Bull. Sci. Math. 94 (1970) 289-301.
J. Dixmier, Algébres enveloppantes. Gauthier-Villars (1974).
J. Dixmier, C*-algebras. North-Holland publishing company (1977).

S. Doplicher, D. Kastler and E. Stgrmer, Invariant States and Asymptotic Abelianness. J. Func. Anal.
3 (1969), 419-434.

D. E. Evans and M. Takesaki, Operator Algebras and Applications. London Mathematical Society
Lecture Note Series (1989) .

S. Echterhoff and J. Rosenberg, Fine structure of the Mackey machine for actions of abelian groups
with constant Mackey obstruction. Pacific J. Math. 170 (1995), 17-52.

M. Fannes and A. Verbeure, On the Time Fvolution Automorphisms of the CCR-Algebra for Quantum
Mechanics. Commun. Math. Phys. 35 (1974), 257-264.

K. Fredenhagen and K. Rejzner, Quantum field theory on curved spacetimes: Aziomatic framework
and examples. J. Math. Phys. 57 (2016), 031101.

R. Haag, On quantum field theories. Mat. fys 29 (1955), 1-37.

R. Haag, Local quantum physics: Fields, particles, algebras. Springer Science & Business Media,
(2012).

R. Haag, N. M. Hugenholtz and M. Winnink, On the FEquilibrium States in Quantum Statistical
Mechanics. Commun. Math. Phys.5 (1967), 215-236.

T.-P. Hack and A. Schenkel, Linear bosonic and fermionic quantum gauge theories on curved space-
times. Gen. Rel. Grav. 45 (2013), 877-910.

K. Hannabuss, Representations of nilpotent locally compact groups. J. Funct. Anal. 34 (1979), 146-165.

R. Hgegh-Krohn, M. B. Landstad and E. Stermer, Compact ergodic groups of automorphisms. Ann.
of Math. 114 (1981), 75-86.

N. M. Hugenholtz, On the factor type of equilibrium states in quantum statistical mechanics. Commun.

Math. Phys. 6 (1967), 189-193.
R. V. Kadison , States and representations. Trans. Am. Math. Soc. 103 (1962), 304-319.

25



[36]

(@)
g

ot
oo

[
N

o o @ o o o
S e = = A |

D. Kastler and D. W. Robinson, Invariant states in statistical mechanics. Comm. Math. Phys. 3
(1966), 151-180.

A. Kleppuer, Multipliers on Abelian Groups. Math. Annalen 158 (1965), 11-34.

J. Kovéacs and J. Sziics, Ergodic type theorems in von Neumann algebras. Acta Sci. Math. Szeged 27
(1966), 233-246.

A.Liideking and D. Poguntke, Cocycles on abelian groups and primitive ideals in group C*-algebras
of two-step nilpotent groups and connected Lie groups. Journal of Lie Theory 4.1 (1994).

J. Manuceau, M. Sirugue, D. Testard and A. Verbeure, The Smallest C*-Algebra for Canonical
Commutations Relations. Commun. Math. Phys. 32 (1973), 231-243.

C. Moeglin and M. Tadié, Construction of discrete series for classical p-adic groups. J. Amer. Math.
Soc. 15 (2002), 715-786.

V. Moretti, Spectral theory and Quantum Mechanics - with an introduction to the Algebraic Formu-
lation of Quantum Theories. Springer-Verlag Mailand, (2012).

M. Moskowitz and R. Sacksteder, An extension of a theorem of Hlawka. Mathematika 56.2 (2010):
203-216.

A. Moy, Representations of GSp(4) over a p-adic field: parts 1 and 2. Compositio Math. 66 (1988),
237-328.

M. A. Naimark, Normed algebras. Springer Science & Business Media (2012).

S. Neshveyev, E. Stgrmer, Dynamical entropy in operator algebras. Vol. 50. Springer Science & Busi-
ness Media, 2006.

M. Newman, Integral matrices. Vol. 45. Academic Press, 1972.

D. Olesen, G. K. Pedersen and M. Takesaki, Ergodic actions of compact abelian groups. J. Operator
Theory 3 (1980), 237-269.

I. Raeburn and D. P. Williams, Pull-Backs of C*-Algebras and Crossed Products by Certain Diagonal
Actions. Tran. Am. Math. Soc. 287 (1985), 755 - 777.

P. L. Robinson, The structure of exponential Weyl algebras. J. Austral. Math. Soc. 55 (1993), 302-310.
P. L. Robinson, Polarized states on Weyl algebras. Publ. RIMS, Kyoto Univ. 39 (2003), 415-434.
B. Schumacher and M. D. Westmoreland, Modal Quantum Theory. Found. Phys. 42 (2012), 918-925.

B. Schumacher and M. D. Westmoreland, Almost Quantum Theory. In: Chiribella G., Spekkens R.
(eds), Quantum Theory: Informational Foundations and Foils, 45-81 Springer (2015).

P. F. G. Stanek, Two element generation of the symplectic group. Bulletin of the American Mathe-
matical Society 67.2 (1961): 225-227.

E. Stermer, Large Groups of Automorphisms of C*-Algebras. Commun. Math. Phys. 5 (1967), 1-22.

E. Stermer, Types of von Neumann Algebras Associated with Extremal Invariant States. Commun.
Math. Phys. 6 (1967), 194-204.

E. Stermer, States and Invariant Maps of Operator Algebras J. Func. Anal. 5 (1970), 44-65.

E. Stgrmer, Automorphisms and invariant states of operator algebras. Acta Math. 127 (1971), 1-9.
E. Stgrmer, Spectra of ergodic transformation. J. Func. Anal. 15 (1974), 202-215.

M. Tadié¢, Representations of p-adic symplectic groups. Compositio Math. 90 (1994), 123-181.

T. Tao, Topics in random matriz theory. American Mathematical Society, (2012).

J. von Neumann, Die Eindeutigkeit der Schrédingerschen Operatoren. Math. Ann. 104 (1931), 570-
578.

E. L. Zelenov, Representations of commutations relations for p-adic systems of infinitely many degrees

of freedom. J. Math. Phys. 33 (1992), 178-188.

26



	Introduction
	Symplectic abelian groups
	The symplectic group and its orbits
	T-symplectic abelian groups

	Symplectic twisted group algebras
	Sp (G)-invariant states
	G is torsion-free
	G is torsion and non-finitely generated

	Conclusions

