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1 Introduction

The study of invariant states for the action of a group of ˚-automorphisms on ˚-algebras is a
well-established research topic. Indeed, the type of a factor R can be inferred by analyzing which
and how many states are invariant, see [35, 55, 56, 57, 58]. More precisely, if there exists a unique
invariant state ω, then R is of type III or ω is a trace and R is of type II1 or In with n ă 8,
cf. [34]. When the group of ˚-automorphism E acts ergodically on R (or more generally on a
Von Neumann algebra), Kovács and Szücs proved in [38] that there exists a unique E-invariant
state. Ten years later, Størmer showed in [59] that, under the additional assumption that E is
a locally compact abelian group, the unique E-invariant state is a trace state. For several years
it has been an open problem if the same results hold with weaker assumptions (cf. [48]) and
a positive answer was given in [33], where it was shown that if E is a compact ergodic group
of automorphism acting on a unital C˚-algebra, the unique E-invariant state is a trace. Let us
underline that the existence and uniqueness of a E-invariant state on a C˚-algebra (which is not
necessary a Von Neumann algebra) is guaranteed by the fact that E is compact, see [55].
In most of the models inspired by mathematical physics, the group of ˚-automorphisms is not
compact nor Abelian, e.g. in abelian Chern-Simons theory, as studied in [17], E coincides with
the symplectic group of automorphism. Nonetheless, it would be desirable to classify all the
invariant states inasmuch they are interesting from mathematical and physical point of views.
Indeed, they provide a ‘noncommutative generalization’ of the invariant measures in ergodic
theory and the representations of C˚-algebras are implemented by unitary representations of
E acting on a Hilbert space. From a physical perspective instead, they represent equilibrium
states in statistical mechanics, see [5, 23, 30, 36]. In [10] the authors classified invariant states
by the symplectic ˚-group of automorphisms on the group ˚-algebras that define irrational non-
commutative tori using elementary, and mostly algebraic, methods. More precisely, it was shown
that for irrational rotational algebras the only state invariant under the action of the symplectic
group is the canonical trace state. These ˚-algebras are obtained as twisted group algebras for
the abelian groups Z2n equipped with a symplectic form and the action of the symplectic group
Sp p2n,Zq on Z2n can be lifted to an ergodic group of ˚-automorphisms. In the present paper, we
generalize this result for many other twisted group algebras. To this end, in Section 2 we introduce
the abstract notion of a R-pre-symplectic abelian group, i.e. an abelian group equipped with a
R-pre-symplectic form, being R a fixed abelian group where the pre-symplectic form takes values.
This notion is considered for encompassing in a single concept different examples of symplectic
forms arising in different contexts. From Section 3, we will restrict our attention to the case
R “ R{Z (that we denote T). After recalling how to assign a twisted group ˚-algebra WG to a
T-pre-symplectic abelian group pG, σq, where σ denotes a fixed pre-symplectic form, in Section 4
we study Sp pGq-invariant states on WG (where Sp pGq is the symplectic group of G) for some
specific G. A summary of the main results obtained is the following (see also Theorem 5.2):

Theorem 1.1. Let pG, σq be a T-pre-symplectic abelian group, then

1. if σ is degenerate, then WG admits plenty of Sp pGq-invariant states;

2. if pG, σq is symplectic, irrational (in the sense of Definition 4.8), the symplectic form is
diagonalizable (in the sense of Notation 2.20) and pG, σq satisfies a technical assumption
(specified in Theorem 4.15), then G is torsion-free and the canonical trace is the unique
Sp pGq-invariant state on WG;

3. if pG, σq –
À

iPIppZ{nZq2, σ2q, where I has infinite cardinality and σ2 is the canonical
symplectic form, then the canonical trace is the unique Sp pGq-invariant state on WG.

Notice that in point 2. of Theorem 1.1 it is not assumed that G is finitely generated (otherwise
the theorem reduces to the result of [10]) and neither that it is a free module over Z. We conclude
the paper with some conjectures and by giving an application of our results to abelian Chern-
Simons theory.
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Notations and conventions

- The set of prime numbers is denoted by P.

- For any p P P, we denote with Fp the finite field Z{pZ, with Qp the field of p-adic.

- The symbol K denotes one of the elements of the set tZ,Q,R,C,Fp,Qpu.

- With T we denote the torus R{Z.

- G and R denote abelian groups.

- σ2n denotes the canonical symplectic form as defined in Example 2.3.

2 Symplectic abelian groups

A R-symplectic form on G is a map of abelian groups σ : G ˆ G Ñ R that satisfies the following
properties:

(I) Bilinearity: For any x, y, x1, y1 P G, it holds that

σpx` y, x1 ` y1q “ σpx, x1q ` σpx, y1q ` σpy, x1q ` σpy, y1q.

(II) Skew-symmetricity: For all x P G, it holds that σpx, xq “ 0.

(III) Non-degeneracy : If σpx, yq “ 0 for all y P G, then x “ 0.

If we drop the requirement that σ is non-degenerate we say that the form is R-pre-symplectic.
By denoting with 0G the unit in G, it is easy to see that for all x, y P G, a R-pre-symplectic form
satisfy the relations

σp0G , xq “ 0, σpx, yq “ ´σpy, xq .

Definition 2.1. A R-(pre-)symplectic abelian group is a pair consisting of an abelian group G
together with a R-(pre-)symplectic form σ : G ˆ G Ñ R.

Remark 2.2. We remark that in the case when G is a discrete abelian group and R “ T, our
definition of R-symplectic abelian group coincides with the definition of quasi-symplectic spaces
given in [39].

Clearly, Definition 2.1 is not the most general one. Namely, it is possible to generalize it
by considering pairs consisting of a module M over a base ring R and a skew-symmetric, non-
degenerate R-bilinear form on M with values on a fixed R-module. We are not interested in
developing this version of the theory in this work, although it can be done by easily adapting
our discussion. Before proving some properties of R-symplectic abelian groups, we give some
examples which are present in the literature.

Example 2.3. The prototypical example of a R-symplectic abelian group is obtained by endow-
ing K2n with the standard K-symplectic form σ : K2n ˆ K2n Ñ K (in this case R “ K as an
abelian group). After fixing a base for K2n and the canonical scalar product ă ¨ , ¨ ąK2n , the
K-symplectic forms read

σpx, yq “ă x, σ2n y ąK2n with σ2n “

ˆ

0 Id n

´Id n 0

˙
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and Id n the n ˆ n identity matrix. The K-symplectic abelian groups have been used in several
topics, e.g. for K “ Z in noncommutative geometry [10, 18] and in abelian Chern-Simons the-
ory [17], for K “ R,C in quantum mechanics [1, 26], in symplectic geometry and deformation
quantization [11], for K “ Fp in modal quantum theory [52, 53] and for K “ Qp in p-adic quantum
mechanics [63].

Notations 2.4. With a slight abuse of notation, we refer to σ2n as the canonical symplectic
form.

Arithmetic geometry is another source of examples of symplectic abelian groups.

Example 2.5. The Tate modules associated to an elliptic curve equipped with the Weil pairing
are T-symplectic abelian groups. Explicitly, let E be an elliptic curve defined over C and let
l P N. The l-torsion points of E are denoted by Erls and it is well-known that Erls – pZ{lZq2.
The Weil pairing on Erls is defined by the map

el : Erls ˆ Erls Ñ T

given by

elppa, bq, pc, dqq “ e2πı pad´bcq
l .

It is easy to check that el is bilinear, non-degenerate and skew-symmetric. Notice also that eml
is compatible with el, for any m P N, in the sense that

emlppa, bq, pc, dqq “ elppma,mbq, pc, dqq “ elppa, bq, pmc,mdqq.

Hence, fixing a prime p, one can pass to the limit and obtain a Weil paring

ep : lim
Ð
n

Erpns ˆ lim
Ð
n

Erpns Ñ T

on the Tate modules TppEq “ lim
Ð
n

Erpns.

As we shall see in the next example, not every symplectic abelian group appearing in natural
examples is finite-dimensional.

Example 2.6. Consider a Kn-vector bundle E over an oriented manifold M and denote the space
of compactly supported sections with ΓcpEq. Then

`

ΓcpEq ‘ ΓcpEq, σ
˘

forms a K-symplectic
abelian group, where σ is given by

σpf, gq :“

ş

M pf
Tσ2n gqpxq volM
ş

M volM
(2.1)

being σ2n the canonical symplectic form and volM the volume form of M . These symplectic
abelian groups have been intensively used to quantize (bosonic) field theory on Lorentzian man-
ifolds – see e.g. [12, 19, 27, 31] for reviews or textbooks.

By defining a morphism φ : pG1, σG1q Ñ pG2, σG2q to be a group homomorphism of the un-
derlying groups that preserves the values of the symplectic forms, the class of R-pre-symplectic
abelian groups form a category. We make this concept more precise in the next definition.

Definition 2.7. We denote by SympR (resp. PSympR) the category whose objects are R-
symplectic (resp. R-pre-symplectic) abelian groups pGi, σGiq and whose morphisms are group
homomorphisms φ : G1 Ñ G2 for which the following diagram commutes

G1 bZ G1 R

G2 bZ G2

φb φ

σG1

σG2

.
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Remark 2.8. The category of abelian groups fully faithfully embeds in PSympR via the functor
that associates to an abelian group G the R-pre-symplectic abelian group pG, σ0q where σ0 is the
trivial pre-symplectic form that has value identically 0, nevertheless PSympR is not additive
because the sum of two morphisms does not preserve the values of the pre-symplectic form, in
general.

In analogy with symplectic geometry, for any subset A Ă G of a R-pre-symplectic abelian
group we define the orthogonal subset as

AK “ tx P G|σpx, aq “ 0,@a P Au.

We will use the following simple construction for producing new R-pre-symplectic abelian
groups from known ones.

Proposition 2.9. Let tpGi, σiquiPI be a (small) family of objects of PSympR. Then the direct
sum ( i.e. coproduct) of this family is the R-pre-symplectic abelian group given by

G “
à

iPI

pGi, σGiq “
´

à

iPI

Gi,
ÿ

iPI

σGi

¯

.

If all tpGi, σGiquiPI are R-symplectic abelian groups then also the direct sum is a R-symplectic
abelian group.

Proof. Using the fact that the tensor product functor commutes with colimits, as it is a left
adjoint functor, we can immediately conclude that

G bZ G –
à

pi,jqPIˆI

Gi bZ Gj ,

as plain abelian groups. Moreover, since any element of G “
à

iPI

Gi is zero in all but finitely many

components, then we can define
ÿ

iPI

σGi in the following way: For any g “ pgiqiPI , h “ phiqiPI P G

p
ÿ

iPI

σGiqpg, hq “
ÿ

iPI

σGipgi, hiq.

The latter sum is always finite and therefore well-defined.
By the universal property of G, there are canonical morphisms ιi : Gi Ñ G which induce

morphisms ιi b ιi : Gi b Gi Ñ G b G by functoriality. We need to check that ιi are morphisms of
R-pre-symplectic abelian groups. This amounts to show that the diagram

Gi b Gi R

G b G

ιi b ιi

σGi

ř

iPI
σGi

is commutative. But this follows immediately by the definition of
ÿ

iPI

σGi and by the fact that its

restriction on the image of ιi is equal to σGi . Hence, it follows easily that G has the universal
property of the coproduct in PSympR. It is also immediate to check that if tpGi, σGiquiPI are
R-symplectic abelian groups then also G is a R-symplectic abelian group.

Given a R-symplectic abelian group, it is important to study subgroups which are compatible
with the symplectic structure, in the sense that non-degeneracy is preserved. This leads us to
the following definition.
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Definition 2.10. Let pG, σq be a R-symplectic abelian group. A subgroup H Ă G is called
R-symplectic abelian subgroup if the symplectic form σ restricts to a symplectic form on H.

Definition 2.10 is less obvious than one expects at first glance. Indeed, the restriction of a
symplectic form to a subgroup of G does not preserve, in general, the non-degeneracy property
of the form.

Proposition 2.11. Let pG, σq be a R-symplectic abelian group and x P G. Then, there exists a
y P G such that the abelian subgroup of G generated by x and y is a R-symplectic abelian subgroup
of G.

Proof. We denote by xx, yy Ă G the subgroup of G generated by x and y. Since σ is non-
degenerate, by definition for any x P G there exists a y such that σpx, yq ‰ 0. Consider such a
y P G. Then, any element in z P xx, yy can be written as

z “ nxx` nyy, nx, ny P Z

and for any such, non-null, element we can find a z1 P xx, yy such that

σpz, z1q ‰ 0

by writing z1 “ mxx`myy and using bilinearity to get

σpnxx` nyy,mxx`myyq “ nxmxσpx, xq ` nxmyσpx, yq ` nymxσpy, xq ` nymyσpy, yq.

As by hypothesis σpx, yq ‰ 0 we get that it is always possible to find a z1 such that this expression
is not zero.

Using the jargon of symplectic geometry, Proposition 2.11 can be restated by saying that each
x P G is contained in a hyperbolic plane. Therefore, we give the following definition.

Definition 2.12. We call hyperbolic plane H of G any R-symplectic subgroup of G given as in
Proposition 2.11.

Remark 2.13. Notice that any hyperbolic plane H Ă G is a finitely generated abelian group of
rank 2. It can be easily shown that if G is torsion-free it is isomorphic to Z2

r “ pZ2, rσ2q, where
for any r P R we use the notation

rσ2 “

ˆ

0 r
´r 0

˙

.

Our notation in Remark 2.13 is well-defined due to the fact that for x1, x2 P G the products
ˆ

0 r
´r 0

˙ˆ

x1

x2

˙

“

ˆ

´rx2

rx1

˙

are well-defined elements of R (although we cannot multiply two such matrices). Instead, it
does not make sense to compute the determinant of rσ2 as R is just an abelian group (written
additively) and the product rp´rq is not defined. With the next proposition we investigate further
the hyperbolic planes.

Proposition 2.14. Consider R “ Z, Z2
1 “ pZ2, σ2q and Z2

2 “ pZ2, 2σ2q. Then Z2
1 and Z2

2 are not
isomorphic as R-symplectic groups.

Proof. In order to prove our claim, we show that it does not exists a group homomorphism
φ : Z2

1 Ñ Z2
2 which is also a morphism of Z-symplectic groups. This can be understood via the

following argument: Since any group homomorphism is defined by its action on the generators,
it is enough to notice that the elements p1, 0q, p0, 1q P Z2

1 cannot be mapped to any element of Z2
2

while preserving the values of the symplectic form. This because 2σ2 never takes the value 1 on
Z2

2. Therefore, Hom pZ2
1,Z2

2q “ ∅.
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Remark 2.15. The same kind of reasoning apply also for Z2
r1 and Z2

r2 for any r1 ‰ r2 in any
abelian group R.

Having introduced the notation for hyperbolic planes Z2
r we can see that, in favorable con-

ditions, general symplectic abelian groups can be written in terms of them. Before stating our
results, we need a preparatory definition.

Definition 2.16. We say that an abelian group R is of rank 1 if every finitely generated sub-group
of R is cyclic, i.e. it is generated by one element.

Example 2.17. Abelian groups of rank 1 have been completely classified:

- A torsion-free abelian group of rank 1 is either Q or a sub-group of Q.

- A torsion abelian group of rank 1 is either Q{Z or a sub-group of Q{Z.

Theorem 2.18. Let pZ2n, σq be a R-symplectic abelian group and suppose R to be of rank 1.
Then

pZ2n, σq – pZ2
r1 ‘ ¨ ¨ ¨ ‘ Z2

rnq (2.2)

for some r1, . . . , rn P R.

Proof. First of all, we notice that assigning a symmetric bilinear form σ : Z2n ˆ Z2n Ñ R is
equivalent to specify a 2n ˆ 2n matrix with coefficients in R, in a similar fashion of what we
explained so far for the case n “ 1 in Example 2.13. Indeed, since a linear morphism Z Ñ R is
uniquely determined by the value of 1, we have

Hom ZpZ2n bZ Z2n,Rq – Hom ZpZ4n2
,Rq – Hom ZpZ,Rq4n

2
– R4n2

where we used the fact that Hom ZpZ,Rq – R. Now consider the sub-group

S “ σpZ2n bZ Z2nq Ă R.

Since S is a finitely generated abelian sub-group of R it is either (abstractly) isomorphic to Z or
to Z{mZ for some m P N. Notice that we can consider σ to belong in Hom ZpZ2n bZ Z2n,Sq and
hence we can suppose that σ has values on a ring. Since Z and Z{mZ are principal ideal rings we
can apply Theorem IV.1 of [47] to conclude that pZ2n, σq can be written in the claimed form.

Corollary 2.19. Theorem 2.18 remains true if we drop the hypothesis that σ is non-degenerate.

Proof. Theorem IV.1 of [47] is true also for degenerated symplectic forms for which it gives
pZ2n, σq – pZ2

r1 ‘ ¨ ¨ ¨ ‘ Z2
rm ‘Hq, with m ď n and H a subspace where the symplectic form is

identically null.

Notations 2.20. With an abuse of language, we say that the isomorphism (2.2) is a ‘diagonal-
ization’ of σ.

For the next theorem we need to introduce some notation, based on Theorem 2.18.

Notations 2.21. Let σ : Z2n b Z2n Ñ R be a symplectic form valued on a rank 1 group. By
identifying R with a sub-group of Q{Z (or with a sub-group of Q in the case R is torsion-free),
we can assume without loss of generality that the symplectic form σ can be written with a matrix
of the form

Mi,jpσq “ qσpmi,jq

where qσ P Q{Z (or Q) and mi,j P Z.
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The last piece of notation we need is given by the external direct sum of a R1-pre-symplectic
abelian group with a R2-pre-symplectic one. Namely, if G is an abelian group and σ1 is a R1-pre-
symplectic form on G and σ2 is a R1-pre-symplectic form (always defined on G), then G equipped
with the pre-symplectic form

pσ1 ‘ σ2qpxq “ pσ1pxq, σ2pxqq

is a R1‘R2-pre-symplectic abelian group. We denote the group so obtained by pG, σ1q‘ pG, σ2q.

Theorem 2.22. Let pZ2n, σq be a R-symplectic abelian group and assume that R – R1‘. . .‘Rm

with Ri of rank 1. Let us rewrite the symplectic form as σ “ σ1‘. . .‘σm where σi : pZ2n, σq Ñ Ri

and assume that
MpσiqMpσjq “ MpσjqMpσiq

for all i, j, where Mpσiq denotes the matrix associated to σi as explained above. Then

pZ2n, σq – pZ2n, σ1q‘ ¨ ¨ ¨‘ pZ2n, σmq

where each pZ2n, σiq is diagonal as in Theorem 2.18.

Proof. It is easy to see that the symplectic form σ : Z2nbZ2n Ñ R – R1‘ . . .‘Rm can always
be written in the form σ “ σ1 ‘ . . . ‘ σm. Notice that only σ is supposed to be non-degenerate,
and this does not imply that each σi is non-degenerate. On account of Corollary 2.19 we can
assign to each σi a matrix of the form

Mpσiq “ qσipmj,lq.

Without any loss of generality, we can set qσi “
1
ti

with ti P N. In this way, if we write t “
śn
i“1 ti

the matrices

ĂMpσiq “
1

t2n

ˆˆ

t

ti

˙

mj,l

˙

are all integer valued (up to the factor 1
t2n

), and they represent the same symplectic form associ-

ated to Mpσiq, i.e. σi. But as all coefficients of ĂMpσiq lie in Zr 1
t2n
s Ă Q, we can simultaneously

identify this subset of Q with Z by multiplication by t2n in all the copies of Q we have chosen.
Once these identifications are done, we can assume that σ is a symplectic form with values in Zm,
whose diagonalization is equivalent to the existence of a base which diagonalizes all the matrices
ĂMpσiq at the same time, that is equivalent to MpσiqMpσjq “ MpσjqMpσiq for all i, j.

Corollary 2.23. Theorem 2.22 remains true if we drop the hypothesis that σ is non-degenerate.

Proof. In the proof of Theorem 2.22 we used Corollary 2.19 that does not require the symplectic
forms to be non-degenerate.

Example 2.24. Theorem 2.22 cannot be generalized as it is easy to find skew-symmetric matrices
which are not simultaneously diagonalizable by just considering two skew-symmetric matrices
whose commutant is not zero. Such an example could be

σ1 “

¨

˚

˚

˝

0 1 1 0
´1 0 0 0
´1 0 0 1
0 0 ´1 0

˛

‹

‹

‚

, σ2 “

¨

˚

˚

˝

0 1 0 0
´1 0 0 0
0 0 0 1
0 0 ´1 0

˛

‹

‹

‚

,

for which it holds

σ1σ2 ´ σ2σ1 “

¨

˚

˚

˝

´1 0 0 1
0 ´1 0 0
0 ´1 ´1 0
0 0 0 ´1

˛

‹

‹

‚

´

¨

˚

˚

˝

´1 0 0 0
0 ´1 ´1 0
0 0 ´1 0
1 0 0 ´1

˛

‹

‹

‚

“

¨

˚

˚

˝

0 0 0 1
0 0 1 0
0 ´1 0 0
´1 0 0 0

˛

‹

‹

‚

.
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For a generic abelian group G there is a lot of freedom in defining symplectic forms on it, but
a constrain must be taken into account, as we will see in the next lemma: If G contains a torsion
sub-group Gtors , then the symplectic form cannot take values on a torsion-free group (i.e. the
bilinear form must be degenerate).

Lemma 2.25. Let Rfree be a torsion-free abelian group. Then, for any abelian group G such that
Gtors ‰ 0, there does not exist a symplectic bilinear form σ : G ˆ G Ñ Rfree .

Proof. Suppose by contradiction that it is possible to define a symplectic form on G with values
in Rfree

σ : G ˆ G Ñ Rfree .

Then, given any x P Gtors , y P G there exists n P Z´ t0u such that nx “ 0, hence by bilinearity

nσpx, yq “ σpnx, yq “ σp0, yq “ 0 ñ σpx, yq “ 0.

2.1 The symplectic group and its orbits

Studying the orbits of the action of Sp pG, σq on G will be important for the classification of
Sp pGq-invariant states, as we shall see in Section 4. Let us begin by giving the definition of the
symplectic group in our context.

Definition 2.26. Let pG, σq be a R-(pre-)symplectic abelian group. The symplectic group of
pG, σq is defined as

Sp pG, σq .“ Sp pGq .“ tM P Aut pGq|σ ˝ pM bMq “ σu Ă Aut pGq,

where Aut pGq is the group of automoprhisms of G as an abelian group.

The definition just given is equivalent to say that Sp pGq is the group of automorphisms of
pG, σq as an element of PSympR. Hence, it is obvious that Sp pGq is a sub-group of Aut pGq.

Example 2.27. The most classical example of symplectic group is the one associated to K2n

equipped with its canonical symplectic form, i.e. Sp pK2n, σ2nq “ Sp p2n,Kq. Notice that Sp p2n,Kq
is a sub-group of the special linear group SL p2n,Kq, and for n “ 1, it is precisely equal to
SL p2,Kq. Moreover, for F2 we can notice that Sp p2n,F2q “ SO p2n,F2q. More generally, these
symplectic groups have been thoroughly studied for finite-dimensional vector spaces over any field
K, see e.g. [6, 41, 44, 60].

Remark 2.28. Notice that the symplectic group is never trivial because the automorphism
Inv : g ÞÑ ´g preserves symplectic form. Indeed, by the linearity of σ one has that

σp´x,´yq “ ´p´σpx, yqqq “ σpx, yq, @x, y P G.

We are now ready for describing the orbits of Sp pGq for some important special cases. We
introduce the following notion.

Definition 2.29. An element in x “ pxiq P Zn is called primitive if gcdpxiq “ 1.

Clearly any element x “ pxiq P Zn can be written as gcdpxiqy, with y primitive.

Proposition 2.30. Suppose that r P R is not a torsion element. Then, the classical symplectic
group Sp p2n,Zq is the symplectic group of pZ2n, rσ2nq for any r P R and any abelian group R. A
set of representatives for the orbits of the action of Sp p2n,Zq on Z2n is given by E “ tjy | j P Nu
where y is a fixed primitive element.

Proof. The first assertion is easy to check and a proof the fact that the action of Sp p2n,Zq is
transitive on primitive elements can be found in Example 5.1 (ii) of [43]. The characterizations of
the orbits directly follows form this fact because elements of Sp p2n,Zq have determinant 1.
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If r P R is a torsion element, then pZ2n, rσ2nq can have more automorphisms than the ones
coming from Sp p2n,Zq, e.g. for r “ 0 (the trivial symplectic bilinear form).

Proposition 2.31. If r P R is a torsion element and G “ pZ2n, rσ2nq, then

Sp p2n,Zq Ă Sp pGq Ă SL p2n,Zq.

Proof. The inclusion Sp pGq Ă SL p2n,Zq is obvious. The inclusion Sp p2n,Zq Ă Sp pGq follows by
standard computations.

For finite groups the situation is different and we show that for F2
p there are only two orbits:

one fixed point and its complement. Even if it is a standard result, we would like to recall it.

Lemma 2.32. The classical symplectic group Sp pFq, 2q is the symplectic group of pF2
q , rσ2q for

any r P R and any abelian group R. Moreover, for any elements m,n P F2
p, different from p0, 0q,

there exists a Θ P Sp ppF2
p, σqq such that Θn “ m.

Proof. The first claim easily follows from Proposition 2.30. For the second claim let m,n P F2
p of

the form m “ pm1,m2q and n “ pn1, n2q and consider a generic Θ P Sp pF2
pq “ SL pF2

pq satisfying

m “ Θn “

ˆ

an1 ` bn2

cn1 ` dn2

˙

.

Since Fp is a field, and assuming that both m and n are not the null vector, we can always find
a, b, c, d P Fp which solve the equations

an1 ` bn2 “ m1 cn1 ` dn2 “ m2 ad´ bc “ 1 .

Indeed, if n1 ‰ 0 ‰ m1, we can set b “ 0, a “ m1n
´1
1 , d “ n1m

´1
1 and c “ pm2 ´ n2n1m

´1
1 qn´1

1 ;
if n1 ‰ 0 ‰ m2 we can set d “ 0, c “ m2n

´1
1 , b “ n1m

´1
2 and a “ pm1 ´ n2n1m

´1
2 qn´1

1 ; if
n2 ‰ 0 ‰ m1 we can set a “ 0, b “ m1n

´1
2 , c “ n2m

´1
1 and if d “ pm2 ´ n1n2m

´1
1 qn´1

2 ; and
finally for n2 ‰ 0 ‰ m2, we can use c “ 0, d “ m2n

´1
2 , a “ n2m

´1
2 and b “ pm1 ´ n1n2m

´1
2 qn´1

2 .
This concludes our proof.

Lemma 2.32 can be readily generalized to pF2n
p , rσ2nq but we postpone the proof of our claim

to Lemma 4.17 where we prove a more general result. Also, the description of the orbits of
ppZ{NZq2n, rσ2nq can be easily reduced to the study of congruences as the ones of Lemma 2.32.

The description of symplectic group of a generic R-symplectic abelian group is much more
complicated. A classification of all possible groups that arise in this way seems infeasible, therefore
we just discuss some examples that go beyond the classical cases described so far. In order to do
that, we introduce some notation. Let

Gn1,n2,r “ pZ2n1 , rσn1q ‘ pZ2n2 , σ0q

where σ0 is the trivial pre-symplectic form. Notice that if r P R is not a torsion element then

Sp pGn1,n2,rq – Sp ppZ2n1 , rσn1qq ˆ SL pZ2n2q.

Proposition 2.33. Let G “ pZ2n, σq be a T-symplectic abelian group. Then, Sp pGq can be written
as an intersection inside GL p2n,Zq of a finite number of conjugates of the symplectic groups of
the form Sp pGni,1,ni,2,riq for some ni,1, ni,2 P N and ri P T.

Proof. Since Z2n has finite rank we can suppose that σ has values on a finite rank sub-group of
T, that we can write as R1 ‘ ¨ ¨ ¨ ‘Rm. Therefore, we can write σ as an external direct sum of
σ1 ‘ ¨ ¨ ¨‘σm where each of σk has values on a rank one abelian group. By Theorem 2.18 each σk
is diagonalizable (although not necessarily non-degenerate) and hence Sp pGnk,1,nk,2,rkq for some
ni,1, ni,2 P N and ri P T.
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Now, suppose that we have chosen a basis of Z2n such that σ1 is diagonalizable. By definition,
we can identify Sp ppZ2n, σ1qq with some Sp pGn1,1,n1,2,r1q. Then, in general σ2 is not diagonalizable
in the chosen base but it becomes by a suitable change of base, i.e. σ2 “M tρM for some diagonal
ρ. Consider A P Sp pZ2n, σ2q. Then we have

M tρM “ σ2 “ Atσ2A “ AtM tρMA ,

which implies MAM´1 P Sp pZ2n, ρq and therefore isomorphisms

Sp pZ2n, σ2q –MSp pZ2n, ρqM´1 – Sp pGn2,1,n2,2,r2q .

Clearly an element of GL p2n,Zq belongs to Sp pZ2n, σ1‘σ2q if and only if it belongs to Sp pZ2n, σ1qX

MSp pZ2n, ρqM´1. Iterating this reasoning finitely many times we get the claimed description of
Sp pZ2n, σ1 ‘ ¨ ¨ ¨‘ σmq – Sp pGq.

Example 2.34. 1. Let G “ pZ4, σ1 ‘ σ2q with σ1 and σ2 as in Example 2.24. Then σ1 “

MTσ2M with M given by

M “

¨

˚

˚

˝

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1

˛

‹

‹

‚

.

Then,by Proposition 2.33, we have

Sp pGq “ Sp pZ4, σ1q XMSp pZ4, σ1qM
´1 “ tA P Sp p4,Zq |MAM´1 P Sp p4,Zqu .

We show that Sp pGq is a “big” group. For simplifying computations, and without changing
the outcome, up to isomorphism, we suppose that

σ1 “

¨

˚

˚

˝

0 0 0 1
0 0 1 0
0 ´1 0 0
´1 0 0 0

˛

‹

‹

‚

“

ˆ

0 Id 2

´Id 2 0

˙

, σ2 “M tσ1M,

so that we can use nice blocks representations of matrices. We can also write

M “

ˆ

Id 2 0
A Id 2

˙

, M t “

ˆ

Id 2 A
0 Id 2

˙

, M´1 “

ˆ

Id 2 0
´A Id 2

˙

where

A “

ˆ

0 0
1 0

˙

.

It is well-known (see [54]) that Sp pZ4, σ1q is generated by block matrices of the form

TS “

ˆ

Id 2 S
0 Id 2

˙

, RU “

ˆ

U 0
1 pU tq´1

˙

, DQ “

ˆ

Q Id 2 ´Q
Q´ Id 2 Q

˙

where S “ St, detpUq ‰ 0 and Q is a diagonal matrix with only 0’s and 1’s. This generating
set is far from being minimal and indeed it is more interesting as a set of elements of
Sp pZ4, σ1q than as a generating set. For describing elements of Sp pGq we might check
which of the above elements of Sp pZ4, σ1q are also in MSp pZ4, σ1qM

´1. By straighforward
computations one gets that

MTSM
´1 “

ˆ

Id 2 ´ SA S
´ASA AS ` Id 2

˙

11



and that
pMTSM

´1qσ1pMTSM
´1qt “

“

ˆ

´SpA`AtqS pSAtq2 ` SAt ` Id 2 ´ SASA
t ` SA

´pASq2 `ASAtS ´AS `AtS ´ Id 2 ´pASq2At ´ASA`ApSAtq2 `AtSAt

˙

.

If we write

S “

ˆ

s1 s2

s2 s3

˙

,

then, in order to have that last expression is equal to σ1 it is necessary that

SpA`AtqS “

ˆ

s1s2 ` s
2
2 s1s3 ` s2s3

s2
2 ` s2s3 s2s3 ` s

2
3

˙

“ 0 .

This implies s1 “ s2 “ s3, together with

´pASq2At ´ASA`ApSAtq2 `AtSAt “

ˆ

0 s3

s2 s1s2 ` s1s3

˙

“ 0 .

In particular we have s2 “ s3 “ 0. Therefore, none of the matrices TS belong to Sp pGq.
Similarly

MRUM
´1 “

ˆ

U 0
AU pU tq´1

˙

and

pMRUM
´1qσ1pMRUM

´1qt “

ˆ

0 Id 2

´Id 2 A´ U tAtpU tq´1

˙

.

Therefore, for RU P Sp pGq, we need to impose the equation

A´ U tAtpU tq´1 “ 0

and if we write

U “

ˆ

u1 u2

u3 u4

˙

we get

A´ U tAtpU tq´1 “
1

detU

ˆ

u1u2 ´u2
1

detU ` u2
2 ´u1u2

˙

.

Hence, we get the conditions

u1 “ 0, u2
2 “ ´detU “ u2u3 ñ u2 “ u3.

Therefore, we get a two dimensional family of elements of Sp pGq parametrized by the
matrices of the form U with u1 “ 0, u2 “ u3 ‰ 0. The same computations for the matrices
DQ are lengthy and we omit them, we just mention that one can show that none of the
matrices DQ belongs to Sp pGq. We conclude this example by remarking that the family of
elements we described is a two dimensional family that should not describe all the elements
of Sp pGq that is expected to be of dimension 5 as it is described as an intersection inside
GL p4,Zq, that is of dimension 16, of Sp p4,Zq with its conjugate by the matrix M , that
are of dimension 10 (here the are considered as schemes over Z). A full description of the
group Sp pGq requires an analysis that is too long to be given here.

2. By the description of Sp pZ2n, σq given in Proposition 2.33 one expects Sp pZ2n, σq to be
very small if the rank of the image of σ is large enough. Indeed, this already happens if the
rank is three because, as we described Sp pZ2n, σq as an intersection of closed subvarieties of
GL pZ2n, σq of codimension 2n2´n, then one expects to have a minimal generic intersection
already when we intersect three of them as 6n2 ´ 3n ą 4n2 if n ą 1. In such cases
Sp pZ2n, σq “ t˘Id u. But still, even when the rank of the image of σ is large, many
interesting examples with non-trivial symplectic groups are possible for specific choices of
matrices of change of bases.
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3. Pre-symplectic abelian groups can have a big automorphisms group. For example, if we con-
sider pG, σ0q, where σ0 is the trivial pre-symplectic form, we obtain that Sp pGq is isomorphic
to the group of automorphism of the abelian group G.

4. G “ pQ2, σ2q is an example of a non-finetely generated R-symplectic abelian group and
Sp pGq “ Sp pQ, 2q.

We refrain to study here the symplectic groups that arise in the case when the underlying
abelian group is not finitely generated. The complications involved in the study of such cases go
beyond the scope of the present work.

2.2 T-symplectic abelian groups

In this section we restrict our attention to the case of T “ R{Z-valued symplectic forms. This
is motivated by Lemma 2.25 and by the fact that in many (quantum) physical applications, the
usual K-valued symplectic form σ is composed with a character of the form χ : KÑ S1 Ă C, in
order to implement the so-called canonical commutation relations, cf. [40].

Proposition 2.35. Let pG, σq be a T-symplectic abelian group such that G is a torsion group and

G – G1 ‘ G2

with G1 and G2 of coprime torsion. Then σ restricts to a symplectic form both on G1 and on G2;
moreover G2 “ GK1 and G1 “ GK2 .

Proof. It is enough to show that for any x P G1 and y P G2 then σpx, yq “ 0 (where we are
identifying G1 and G2 with their image in G via the canonical morphisms). Indeed, by the non-
degeneracy of σ there exists x1 P G such that σpx, x1q ‰ 0, therefore this must necessarily be in
G1. The same thing is true for y.

It remains to prove the claim. Suppose that there exist x P G1 and y P G2 such that σpx, yq ‰ 0.
Then, consider n,m P Z, coprime such that nx “ 0,my “ 0. Then,

σpx, nyq “ nσpx, yq “ σpnx, yq “ σp0, yq “ 0

and on the other hand

σpmx, yq “ mσpx, yq “ σpx,myq “ σpx, 0q “ 0.

But the element σpx, yq cannot be both of n and m torsion because m and n are coprime.
Therefore, σpx, yq “ 0.

Corollary 2.36. Let pG, σq be a torsion T-symplectic abelian group, then

pG, σq –
à

pPP
pGp, σpq

where Gp is the p-primary part of G and σp the restriction of σ to Gp.

Proof. This is an immediate application of Proposition 2.35 using the fact that any torsion abelian
group G can be written as

G –
à

pPP
Gp,

where Gp is the p-primary part.
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3 Symplectic twisted group algebras

Twisted group algebras arise in a wide variety of situations in mathematics, e.g. in the study of
representations of nilpotent groups and connected Lie groups [7, 9, 32], noncommutative differen-
tial geometry [16], the study of continuous C˚-trace [25, 49], the algebraic approach to quantum
statistical mechanics [13] and quantum field theory [15, 29], and in the realization of octonions,
Clifford algebras and multiplicative invariant lattices in Rn [2, 3, 4]. In this paper, we shall focus
our attention to twisted group algebras arising from symplectic abelian groups. Since there exists
an extensive literature on this topic, see e.g. [14, 24], we just introduce them briefly.
Let pG, σq be a T-pre-symplectic abelian group. From now on we use the multiplicative notation
for the operation of G. We will denote the idendity of G with 1G . It is also convenient to embed
T into Cˆ as the complex number of modulus 1 and we denote with Ω : G ˆ G Ñ Cˆ the map
defined by

Ωpx, yq
.
“ eıπσpx,yq.

Proposition 3.1. Let pG, σq be a T-pre-symplectic abelian group. Then, for any x, y P Gtors ,
Ωpx, yq is a root of unity.

Proof. As shown in the proof of Lemma 2.25, if x, y P Gtors then Ωpx, yq must be a torsion element
of Cˆ. These are precisely the roots of unity.

We observe that since σ is bilinear and skew-symmetric Ω defines a group 2-cocycle. Indeed,
for any 1G , g1, g2, g2 P G we have Ωp1G , g1q “ Ωpg1, 1Gq “ 1 together with

Ωpg1, g2qΩpg1g2, g3q “ Ωpg1, g2q
`

Ωpg1, g3qΩpg2, g3q
˘

“

“
`

Ωpg1, g2qΩpg1, g3q
˘

Ωpg2, g3q “ Ωpg1, g2g3qΩpg2, g3q .

Next, we denote by twisted group algebra CrGsΩ the set of all finite C-linear combinations

a “
ÿ

gPG
αg g with αg P C ,

endowed with the twisted product defined by

ab “
ÿ

gPG

˜

ÿ

hPG
Ωpg, hqαhβh´1g

¸

g. (3.1)

It is straightforward to verify that twisting the product by a (non-trivial) group 2-cocycle makes
the algebra CrGsΩ non-commutative and associative, although G itself is a commutative group.
Moreover, the isomorphism class of the twisted algebra so obtained depends only on the group
cohomology class of the 2-cocycle and any cohomology class in H2pG,Tq can be represented by a
pre-symplectic form (cf. [37, Theorem 7.1]). We shall see in Theorem 4.4 that this twisting reduces
considerably the number of Sp pGq-invariant states on CrGsΩ when the form is non-degenerate.
In order to distinguish positive elements, we promote CrGsΩ to a twisted group ˚-algebra by
endowing it with the involution ˚ : CrGsΩ Ñ CrGsΩ given by

a˚ :“
ÿ

gPG
αgg

´1 . (3.2)

Indeed, any positive element b in a complex ˚-algebra A can be written as b “ a˚a for a suitable
a P A – for more detalis see e.g. [22].

We are thus ready to summarize this short discussion with the following definition.

Definition 3.2. We denote by WG,Ω ”WG the symplectic twisted group ˚-algebra (STG-algebra)
obtained endowing CrGsΩ with the product (3.1) and with the involution (3.2).
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Remark 3.3. When completed by a canonical C˚-norm, the twisted group algebras WG,Ω are also
called Weyl C˚-algebras or exponential Weyl algebras in the literature, see e.g. [42, 50, 51]. The
reader should not confuse these algebras with the rings of differential operators with polynomial
coefficients which are also called Weyl algebras, see e.g. [20, 21].

Example 3.4. The natural settings for STG-algebras are quantum mechanics and bosonic quan-
tum field theory. Since there are many different bosonic QFT, let us consider for simplicity the
case of a scalar field φ satisfying the wave equation and denote with Sol the space of solutions.
Then, we have

WΩQM “ CrC8pR6qsΩQM and WΩQFT “ CrEpSolqsΩQFT ,

where Ep¨q denotes the space of complex linear functionals, the group 2-cocycles are given by
Ωip¨, ¨q “ e´ı~σip¨,¨q, σQM is obtained using the canonical symplectic form of R6 as in Example
2.6, while σQFT by (2.1).

Notice that have implicitly assumed that the spacetime is R4. For a generic globally hyperbolic
spacetime, namely a n-dimensional oriented Lorentzian manifold diffeormophic to R ˆ Σ, being
Σ a Cauchy surface, the STG-algebras are respectively defined as

WΩQM “ CrC8pT ˚ΣqsΩQM and WΩQFT “ CrEpSolqsΩQFT ,

being T ˚Σ the cotangent bundle of Σ. For more details, we refer to [27]. It is interesting to notice
that, while the representations of WQM are all unitary equivalent, according to the Stone-Von
Neumann’s Theorem [62], there exist plenty of inequivalent representations of WQFT according
to Haag’s Theorem [28]. Finally, we observe that to each positive element of W corresponds a
unique physical observable associated to the theory.

Example 3.5. One of the most studied objects in noncommutative geometry is the so-called
noncommutative torus. It is defined as the universal C˚-algebra Aθ generated by unitaries U, V P
CpT2,Cq satisying the canonical commutation relations

UV “ e2πıθV U . (3.3)

It is easy to see that Aθ is isomorphic to the C˚-completion of the STG-algebra WZ2,Ω, where Ω
is the group 2-cocycle on Z2 given by

Ωpn,mq “ e2ıπθσ2pn,mq θ P R ,

being σ2 the canonical symplectic form on Z2. Indeed, this twisted group C˚-algebra is generated
by the unitary operators U “ p1, 0q and V “ p0, 1q acting on `2pZ2q

Ufpn,mq “ e´2πımfpn` 1,mq and V fpn,mq “ e´2πınfpn,m` 1q .

By a straightforward computation it is easy to see that this generators satisfy the canonical
commutation relation (3.3).

Remark 3.6. Notice that the association pG, σq ÞÑWG,Ω is a functor from the category PSympT
of T-pre-symplectic abelian groups to the category of ˚-algebras over C. Therefore, the action of
the symplectic group Sp pGq on G can be lifted to an action on WG by algebra automorphism via
the formula

ΦΘpaq “
ÿ

gPG
αg Θpgq with αg P C and Θ P Sp pGq.

If the only invariant subspace of W under the action of ΦΘ, for all Θ P Sp pGq, is spanCt1Gu then
the action of Sp pGq is said ergodic.

Proposition 3.7. For a symplectic abelian group pG, σq the following statements are equivalent:
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- The only finite orbit of Sp pGq on G is the fixed point 1G;

- The action of Sp pGq on WG is ergodic.

Proof. Assume that there exists a finite Sp pGq-orbit O Ă G. Then any element of the form
a “

ř

gPO g is a fixed point for the action of Sp pGq on WG , namely for any Θ P Sp pGq we have
ΦΘpaq “ a. By logic transposition, this implies that if the action is ergodic then finite orbits for
the action of Sp pGq on G do not exist.
Conversely, if the action is not ergodic, then there exists at least an element a ‰ α1G , with α P C,
such that, for all Θ P Sp pGq, it satisfies ΦΘpaq “ a. Now write a as the finite sum a “

ř

gPO g
(this is always possible because all the non-zero coefficients of a must be equal), with O a finite
subset of G. By what we wrote above we get

Φpaq “
ÿ

ΘgPO
Θg “

ÿ

gPO
g “ a @Θ P Sp pGq .

This implies in particular that Sp pGq maps elements in O to elements in O, therefore it is a finite
orbit.

4 Sp pGq-invariant states

In this section, we keep the notation of the last section and we denote the STG-algebra associated
to a T-pre-symplectic abelian group G simply as WG . Let now ω be a state, namely a linear
functional from WG into C that is positive, i.e. ωpa˚aq ě 0 for any a P WG , and normalized,
i.e. ωp1Gq “ 1.

Definition 4.1. We say that a state ω is Sp pGq-invariant if for any ˚-automorphism ΦΘ P

Aut pWGq, with Θ P Sp pGq, it holds ω ˝ ΦΘ “ ω .

Remark 4.2. As anticipated in Example 3.5, the STG-algebra WG can be equipped with a
C˚-norm in a canonical way, and hence it can be completed to a C˚-algebra WG . Since every
positive functional on W can be extended to a positive functional WG (cf. [45]) and every positive
functional on WG can be restricted to a positive functional on WG , then in the rest of the paper
we shall focus only on WG .

In order to construct a (Sp pGq-invariant) state ω on the STG-algebra WG , it is enough to
prescribe its values on each generator of WG and then to extend it by linearity to any element
a PWG . So, the Sp pGq-invariance condition for a state ω can be written

ωpΘpgqq “ ωpgq “

#

1 if g “ 1G

qpgq P C else
(4.1)

for a sequence of values qpgq. Following [10, Section 2], we can prove the following.

Proposition 4.3. Let WG be a STG-algebra and consider a Sp pGq-invariant state ω. Then, for
any g P G, it holds

ωpgq P r´1, 1s .

Proof. Since ω is a linear positive functional, then, for every g P G, it holds

ω ppg ` 1Gq
˚pg ` 1Gqq “ 2` ω pg˚q ` ω pgq P r0,8q .

According to Remark 2.28, there exists an element Inv P Sp pGq defined by g ÞÑ g´1 and it holds

ωpgq “ ωpg˚q “ ωpg´1q “ ωpInv gq “ ωpgq ,
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where in the fourth equality we used the invariance of the state under the action of the symplectic
group. Let now be a˘ “ g ˘ 1G . Since ω as a positive functional has to satisfy

0 ď
1

2
ωpa˚˘a˘q “ 1˘ ωpgq ,

which concludes our proof.

As anticipated in Section 3, the twisting of the product of CrGs by Ω plays an important role in
the characterization of the Sp pGq-invariant states. Indeed, if we simply consider the (untwisted)
group ˚-algebra CrGs (that corresponds to considering the trivial pre-symplectic form on G), then
there are uncountably many Sp pGq-invariant states, as shown in the next proposition.

Proposition 4.4. Let CrGs be the (untwisted) group ˚-algebra associated to the symplectic abelian
group pG, σ0q, where σ0 is the trivial pre-symplectic form. Then, there exist infinitely many Sp pGq-
invariant states.

Proof. It is easy to notice that any constant functional given by

ωpgq “

#

1 if g “ 1G

q P r0, 1s
Ş

R else
(4.2)

is Sp pGq-invariant (in this case Sp pGq agrees with the group of automorphism of G). We need
just to verify that it is positive. To this end, we notice that for every finite dimensional subspace
of V Ă CrGs, the map a ÞÑ ωpa˚aq is a quadratic form, therefore it can be written as

ωpa˚aq “ αt Hα

where H is a Hermitian matrix and α a vector with components αj P C. On the pd ` 1q-
dimensional subspace spanned by the elements t1G , hju1ďjďd the entries of the matrix H can be
described as

pHq0,0 “ pHqj,j “ 1, j ě 1 (4.3)

pHqi,j “ pHqj,i “ q, i ‰ j (4.4)

where (4.3) holds because of the state normalization condition. By a straighforward computation,
we have that the eigenvalues of H are given by

λ1 “ dq ` 1 and λi “ 1´ q for i “ 1, . . . , d .

Since analogous considerations hold for subspaces of CrGs not containing 1G (and hence for any
finite dimensional subspace), we can conclude that ω given by (4.2) is indeed a positive and
normalized Sp pGq-invariant functional.

It is an easy corollary of Proposition 4.4 that any abelian group equipped with a degenerate
T-pre-symplectic form always admit many invariant states (we will discuss a proof of this fact
in Section 5). In particular, it is immediate to check that the rational non-commutative torus
admits many invariant states as it comes equipped with a degenerate T-pre-symplectic form.

Now we start to study Sp pGq-invariant states on WG , with the hypothesis that the product
is twisted in a non-trivial way and that the form is non-degenerate.
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4.1 G is torsion-free

In this section, we analyze invariant states in the case of torsion-free groups. In particular, in
Theorem 4.15 we provide a sufficient condition for the symplectic abelian group pG, σq to have a
unique invariant state. The proof is obtained by reducing to the case solved in our previous work
[10]. The aim of this section is to deal with the case when G is not finitely generated. To this
end, we need preparatory lemmas and definitions. Recall that the rank of an abelian group G is
defined as the dimension of the Q-vector space G bZ Q.

Definition 4.5. Let G be a torsion-free abelian group, we say that G is a completely decomposable
if G –

À

iPI Gi where Gi is a rank 1 torsion-free group, i.e. a sub-group of Q.

The class of completely decomposable abelian groups is an amenable class of non-finitely
generated abelian groups , including the class of Q-vector spaces. Nevertheless, groups appearing
in applications might be not completely decomposable

Example 4.6. The additive group Zp of p-adic integers is not completely decomposable (it
follows from [8, Example 7.4]).

Given a torsion-free T-symplectic abelian group pG, σq we can always consider the Q-vector
space G bZ Q generated by G and extend the symplectic form to G bZ Q by considering the
T-symplectic form

pσ bZ Qqpq1g1, q2g2q “ q1q2σpg1, g2q,

for any g1, g2 P G and q1, q2 P Q.

Lemma 4.7. Let pG, σq be a T-symplectic abelian group of rank 2, then σ “ prσ2q|G for a r P T.

Proof. By hypothesis GbZQ – Q2. Let x, y P G be two generators of GbZQ as a Q-vector space.
Any element in G bZ Q can be written as qxx` qyy with qx, qy P Q. By writing

qx “
nx
dx
, qy “

ny
dy

we get by bilinearity that

σpqxx, qyyq “ nxnyσ

ˆ

x

dx
,
y

dx

˙

,

and the relations
dx

x

dx
“ x, dy

y

dy
“ y

again by bilinearity imply

σpx, yq “ dxdyσ

ˆ

x

dx
,
y

dx

˙

ñ σ

ˆ

x

dx
,
y

dx

˙

“
σpx, yq

dxdy
.

This implies that the knowledge of the value σpx, yq uniquely determines the simplectic form σ
as G injectively embeds in G bZ Q.

Definition 4.8. We say that the symplectic form σ : G b G Ñ T is irrational if

σpG b Gq XQ{Z “ t1u .

We say that the state on the STG-algebra WG defined by the values

τpgq “

#

1 if g “ 1G

0 otherwise

and extended to WG by linearity is the tracial state. We also often use the following hypothesis.
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Assumption 4.9. On any finitely generated sub-group F Ă G the restriction of σ to F satisfies
the hypothesis of Theorem 2.22.

A first result about non-finitely generated torsion-free groups is the following.

Lemma 4.10. Let G be a T-symplectic abelian group of rank 2 such that σ is irrational. Then,
the only Sp pGq-invariant state on WG is the tracial state.

Proof. By Lemma 4.7 the claim follows by a direct application of Theorem 2.2 of [10].

The next step is to generalize the previous lemma to all injective abelian groups.

Lemma 4.11. Let pG, σq be an injective T-symplectic abelian group such that σ is irrational and
that satisfies Assumption 4.9. Then, the only Sp pGq-invariant state on WG is the tracial state.

Proof. The condition of G being injective is equivalent to G being a Q-vector space. By Proposi-
tion 2.11 we know that there is a hyperbolic plane H Ă G that contains g. Since G is a Q-vector
space then we can consider the Q-vector space generated by H in G, that we denote HQ. The
restriction of σ to HQ is a T-symplectic form, hence HQ is isomorphic to pHQ, rσ2q, for some
irrational r, as a consequence of Lemma 4.7. Since σ is diagonalizable, it is easy to see that

pG, σq – pHQ, σ|HQq ‘ pH
K
Q, σ|HQ

Kq

as a T-symplectic abelian group, because it is easy to check that σph, h1q “ 0 for h P HQ, h1 P HKQ.
Therefore, we get an inclusion Sp pHQq Ă Sp pGq. This implies that every Sp pGq-invariant state
ω on WG must restrict to a Sp pHQq-invariant state on WHQ . This implies that ω is trivial on HQ
by Lemma 4.10.

The next one is our first general result.

Theorem 4.12. Let pG, σq be completely decomposable T-symplectic abelian group such that σ is
irrational and that satisfies Assumption 4.9. Then, the only Sp pGq-invariant state on WG is the
tracial state.

Proof. We can embed G in its injective envelop G bZ Q, that comes equipped with a structure
of T-sympletic abelian group σ bZ Q that canonically extends the one of G, and for any g P G
we can consider a Q-hyperbolic plane HQ Ă G bZ Q containing g. Now, suppose that there
exists a non-trivial Sp pGq-invariant state on WG , then this state would be such that ωpgq ‰ 0
for some g ‰ 1G . For such a g we have that pG, σq – pHQ X G, σq ‘ ppHQ X GqK, σq, by the same
reasoning used in Lemma 4.11. Therefore, Sp ppHQ X G, σqq embeds in Sp pGq, proving that any
Sp pGq-invariant state on WG must restrict to the trivial state on pHQ X G, σq, contradicting to
the hypothesis that ωpgq ‰ 0.

In the next theorem we axiomatize the proof of Theorem 4.12. In order to do that we introduce
the following concepts.

Definition 4.13. Let pG, σq be a T-symplectic abelian group. Let H Ă pG, σq be a rank 2
hyperbolic plane (by this we mean a sub-group of rank 2 of G where σ restricts to a non-degenerate
form). We say that H is split if

G – pH, σHq ‘ pHK, σHKq

as a T-symplectic abelian group.

Notice that for any split hyperbolic plane H Ă pG, σq we have an injective morphism

Sp pHq Ñ Sp pGq.
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Definition 4.14. Let pG, σq be a T-symplectic abelian group. Let tHiuiPI be the family of split
hyperbolic planes of G. We define the group of plane automorphisms of G as

xtSp pHiquiPIy Ă Sp pGq,

and we denote it by SpHpGq.

Theorem 4.15. Let pG, σq be a T-symplectic abelian group such that σ is irrational and As-
sumption 4.9. Assume also that Sp pGq bZ Q Ą SpHpG bZ Qq, where G bZ Q is equipped with the
T-symplectic form σ bZ Q. Then, the only Sp pGq-invariant state on WG is the tracial state.

Proof. Let GbZQ be the injective envelope of G. Notice that every automorphism of G lifts to an
automorphism of G bZ Q because of the universal property of G bZ Q. This gives an injection of
Sp pGq in Sp pG bZ Qq because G bZ Q is equipped with the T-symplectic form σ bZ Q. Since we
assume that Sp pGq bZ Q Ą SpHpG bZ Qq, this implies that every Sp pGq-invariant state induces
an invariant state on WGXHi , for any split hyperbolic plane Hi of G bZ Q. And this restriction
must be trivial as a consequence of Lemma 4.10. Since each non-null element of GbZQ generates
a split hyperbolic plane, we get that only the only Sp pGq-invariant state on WG is the trivial
state.

Remark 4.16. Without the hypothesis of diagonalization of Theorem 2.22, the symplectic group
could be very small, as discussed in Example 2.34. Therefore, its action could not be ergodic,
allowing many invariant states in some specific cases.

4.2 G is torsion and non-finitely generated

In this section we investigate the uniqueness of Sp pGq-invariant states for torsion T-sympletic
abelian groups G of infinite rank. Since a complete classification of this class of groups is not
known, we shall focus our attention on some important examples. First, consider an infinite
direct sum

G “
à

iPI

pF2
p, σ2q

where I is any set of infinite cardinality (as if I is finite than the action of Sp pGq on WG is not
ergodic, on account of Proposition 3.7, and it is not difficult to see that in this case WG has many
invariant states). Without loss of generality, we assume I “ N, since the cases when I has bigger
cardinality can be dealt in the same way or reduced to this case.

Lemma 4.17. The action of Sp pGq on G “
À

iPIpF2
p, σ2q has only one orbit besides the one of

the identity of G.

Proof. Let g, h P G be two non null-elements. By definition, we can write g “ pgiq, h “ phiq with
gi, hi P F2

p where only a finite number of gi and hi are not null (for simplicity in this lemma we
are using the additive notation for the operation of G). Let us write gi1 , . . . , gin and hj1 , . . . , hjm
for the non-null components of g and h. We can always find elements φg, φh P Sp pGq such that

φgpgq “ ppx, xq, px, xq, . . . , px, xq
looooooooooooomooooooooooooon

n times

, p0, 0q, . . .q

and
φhphq “ ppx, xq, px, xq, . . . , px, xq

looooooooooooomooooooooooooon

m times

, p0, 0q, . . .q,

for an arbitrary fixed non null-element x of Fp. This is due to the fact that in a direct sum of the
form pF2

p, σ2q ‘ pF2
p, σ2q the map that sends an element px1, x2, x3, x4q to px3, x4, x1, x2q is easily

seen to be in the symplectic group. The general result follows by induction.
In this way, we can map g and h to vectors whose non-null components are in the first n and m
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coordinates respectively. Then, the symplectic group Sp ppF2
p, σ2qq of each factor maps injectively

in Sp pGq because they are split hyperbolic plane in the sense of Definition 4.13. Then, applying
Lemma 2.32 we get the desired form for φgpgq and φhphq.

It remains to check that we can always map the elements φgpgq and φhphq to each other via
an element of Sp pGq. The general case can be reduced to the case φgpgq “ ppx, xq, px, xqq and
φhphq “ ppx, xq, p0, 0qq by induction, so we discuss only this case. Then, it is enough to show
that there exists a symplectic automorphism ψ : pF4

p, σ4q Ñ pF4
p, σ4q such that ψpφgpgqq “ φhphq.

Consider the following matrix

M “

¨

˚

˚

˝

1 0 0 0
0 1 1 ´1
1 0 1 0
1 0 0 1

˛

‹

‹

‚

.

It is easy to check that the automorphism induced by M on pF4
p, σ4q belongs to the symplectic

group. Since we have
¨

˚

˚

˝

1 0 0 0
0 1 1 ´1
1 0 1 0
1 0 0 1

˛

‹

‹

‚

¨

˚

˚

˝

x
x
0
0

˛

‹

‹

‚

“

¨

˚

˚

˝

x
x
x
x

˛

‹

‹

‚

we can conclude the proof.

As immediate consequence of Lemma 4.17 we obtain that a Sp pGq-invariant state on WG must
be constant on all generators. With the next theorem prove uniqueness of Sp pGq-invariant states
on WG .

Theorem 4.18. Let WG be the symplectic twisted group algebra associated to G “
À

iPIpF2
p, σ2q

and consider the constant normalized functional ω : WG Ñ C given by

ωpgq “

#

1 if g “ 1G

q P r´1, 1s, otherwise.

Then, ω is positive if and only if q “ 0.

Before entering into the details of the proof, we define some useful notation.

Notations 4.19. With Mnpp, qq, we denote the nˆ n matrix given by

pMnpp, qqqj,j “ 1 j ě 1

pMnpp, qqq1,j “ pMnpp, qqqj,1 “ p j ą 1

pMnpp, qqqi,j “ pMnpp, qqqj,i “ q else

for which p, q P C.

Proof of Theorem 4.18. Consider any element in g P G. We want to find, for any n P N, suitable
sequences of elements a1,k, . . . , anp,k P WG , for 1 ď k ď p such that the matrix associated to the

quadratic for ωpa˚i,kaj,kq, for 1 ď i, j ď np, is of the form Mnppq, qe
2πı k

p q, using the notation of

Notations (4.19). If q is such that the functional ω is positive, then all matrices Mnppq, qe
2πı k

p q

must be positive.
Suppose that such elements exist. Then, we can consider the matrix

Rn “
1

p

p
ÿ

k“1

Mnppq, qe
2πı k

p q “ Mnppq, 0q.

By hypothesis this can be done for any n. Hence, for a fixed q there exists a n big enough such
that the matrix Rn is non-positive, as it follows immediately by computing the determinant of
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Rn. But this is in contradiction with the hypothesis that all the matrices Mpnpq, qe
2πı k

p q are
positive, as the convex sum of positive matrices must be a positive matrix.

It remains to show that it is always possible to find such elements ai,k, for which the matrix

associated to the quadratic for ωpa˚i,kaj,kq is Mnppq, qe
2πı k

p q. To this end, consider a generic
element e1 P G. It is enough to find for any n P N elements e2, . . . , en P G such that

σpei, ejq “ e2πık{p. (4.5)

But since e2πık{p is a primitive p-th root of 1, we can identify the elements e2πık{p with elements of
Fp and the (4.5) becomes a linear system of finitely many equations with Fp coefficients. Since Fp
is a field and G is an infinite dimensional vector space over it we can always find a suitable finite
dimensional subspace of G where the system (4.5) admits solutions, concluding the proof.

We conclude this section, by showing how the proof of Theorem 4.18 can be generalized to
the case when Fp is replaced with Z{nZ. Indeed, the case when n “ pf , and therefore pZ{nZq2 is

equipped with is canonical T-symplectic form determined by σ2pp1, 0q, p0, 1qq “ e
2πı
n , can be dealt

in the same way as done in Theorem 4.18, using the fact that in this case there are f different orbits
each of which with infinite element, besides the trivial orbit of the identity element. Therefore
the following corollary.

Corollary 4.20. Theorem 4.18 remains true when for G “
À

iPIppZ{nZq2, σ2q.

Proof. We already remarked that the case when n “ pf is similar to the case of the theorem.
The general case follows from Corollary 2.36 and the observation that in this case

Sp p
à

pPP
Gpq –

ź

pPP
Sp pGpq

where Gp is the p-primary part of G.

We conclude this section by remarking that it is easy to find examples of infinite torsion
groups on which the action of any group of automorphism cannot give ergodic STG-algebras, as
their p-primary parts are finite, e.g.

À

pPP Fp.

5 Conclusions

We conclude this paper with some conjectures and an application of our results to abelian Chern-
Simons. To this end, let us remark that, in all cases we have considered so far, we proved the
uniqueness of Sp pGq-invariant states when the group G was equipped with a non-degenerate pre-
symplectic form. Indeed, it is easy to see that this is a necessary condition on WG for having a
unique Sp pGq-invariant state.

Corollary 5.1 (Corollary to Proposition 4.4.). Let pG, σq be a T-pre-symplectic abelian group.
If σ is degenerate, then WG admits plenty of Sp pGq-invariant states.

Proof. If the pre-symplectic form on G is degenerate, then GK ‰ 0 and ΦpGKq Ă GK for all
Φ P Sp pGq. Then, it is easy to check that any functional defined by

τpgq “

$

’

&

’

%

1 if g “ 1G

0 g R GK

q g P GK

with q P p0, 1q, is Sp pGq-invariant and positive on account of the computations done in the proof
of Proposition 4.4.

22



The next theorem summarizes our main results on the uniqueness of Sp pGq-invariant states,
i.e. Corollary 5.1, Theorem 4.15, Theorem 4.18 and Corollary 4.20.

Theorem 5.2. Let pG, σq be a T-pre-symplectic abelian group, then

1. if σ is degenerate, then WG admits plenty of Sp pGq-invariant states;

2. if pG, σq is symplectic, irrational (in the sense of Definition 4.8), the symplectic form is
diagonalizable (in the sense of Notation 2.20) and Sp pGq bZ Q Ą SpHpG bZ Qq, then G is
torsion-free and WG admits only one invariant state;

3. if pG, σq –
À

iPIppZ{nZq2, σ2q, where I has infinite cardinality, then the associated STG-
algebra admits a unique Sp pGq-invariant state.

From these results, we conjecture the following to hold.

Conjecture 5.3. If pG, σq is a T-symplectic abelian group such that the action of Sp pGq on WG
is ergodic, then there are no non-trivial Sp pGq-invariant states on WG.

A step in this direction is the following weak version of Conjecture 5.3.

Conjecture 5.4. If pG, σq is a irrational T-symplectic abelian group such that the action of Sp pGq
on WG is ergodic and σ is diagonalizable, then there are no non-trivial Sp pGq-invariant states on
WG.

One possible approach to Conjecture 5.4 is to prove that the technical assumption Sp pGq bZ Q Ą
SpHpG bZ Qq in Theorem 4.15 is always satisfied.

We conclude this paper with an application of the results proven so far inspired by [17]. In
loc.cit., the quantization of Abelian Chern-Simons theory is interpreted as a functor

A : Man2 Ñ STG-Alg

which assigns symplectic twisted group ˚-algebras to 3-dimensional manifolds of the form RˆΣ,
where Σ is a 2-dimensional oriented manifold. This assignment is obtained by composing the
functor

S :“ pH1
c p´,Zq, σq : Man2 Ñ PSympT

which assign to every Σ P Man2 its first (singular) homology group with compact support H1
c pΣq

endowed with a T-valued pre-symplectic form σ, with the functor

CCR : PSympT Ñ STG-Alg

which assign to every Z-pre-symplectic abelian group a symplectic twisted group algebra. We
say that such a functor A is a Cherns-Simons functor.

By functoriality, CCR induces a representation of the group of orientation preserving diffeo-
morphisms Diff`pΣq of Σ, that is the group of automorphisms of Σ in Man2, on ApΣq as a group of
˚-algebra automorphisms. This representation can be related to a representation of the mapping
class group and, for compact Σ, to a representation of the discrete symplectic group Sp p2n,Zq.
For a quantum physical interpretation of quantum Abelian Chern-Simons theory it is necessary
to choose for each Σ P Man2 a state ωΣ : ApΣq Ñ C on the STG-algebra ApΣq. Motivated by the
functoriality of the association, it seems natural to demand that the family of states tωΣuΣPMan2

is compatible with the functor A : Man2 Ñ STG-Alg in the sense that

ωΣ1 ˝ Apfq “ ωΣ

for all Man2-morphisms f : Σ Ñ Σ1. Such compatible families of states are called natural states
on A : Man2 Ñ STG-Alg. Even though the idea of natural states is very beautiful and appealing,
there are hard obstructions to the existence of natural states.

Using the results in Theorem 5.2 we can now generalize the main result of [17]. Before stating
the theorem, let us given a definition.
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Definition 5.5. We say that a Chern-Simons functor is irrational and not degenerate if each
ApΣq is irrational in the sense of Definition 4.8 and, for any Σ such that H1

c pΣ;Zq » Z2n, the
symplectic form is non-degenerate.

Theorem 5.6. There exists no natural state for an irrational and non-degenerate Chern-Simons
functor.

Proof. Let us assume that there exists a natural state tωΣuΣPMan2 . Consider the Man2-diagram

S2 f1
ÐÝ Rˆ T f2

ÝÑ T2

describing an orientation preserving open embedding of the cylinder R ˆ T into the 2-sphere S2

and the 2-torus T2. The Chern-Simons functor assigns ˚-homomorphisms

ApS2q
Apf1q
ÐÝ ApRˆ Tq Apf2q

ÝÑ ApT2q

and the naturality of the state implies the condition

ωS2 ˝ Apf1q “ ωRˆT “ ωT2 ˝ Apf2q . (5.1)

Because of H1
c pS2;Zq “ 0, it follows that ApS2q » C and hence ωS2 “ Id C has to be the unique

state on C. Using further that H1
c pRˆ Tq » Z, it follows by the first equality in (5.1)

ωRˆT
`

n
˘

“ 1 , (5.2)

for all n P Z. By the non-degeneracy hypothesis on A it follows that pH1
c pT2;Zq, σT2q is isomorphic

to the abelian group Z2 with an irrational T-symplectic form, i.e. ApT2q is an algebraic irrational
non-commutative torus. We can choose f2 such that the ˚-algebra homomorphism Apf2q : ApRˆ
Tq Ñ ApT2q is given by n ÞÑ pn, 0q, for all n P Z. As a consequence of (5.1) and (5.2), we obtain
that

ωT2

`

pn, 0q
˘

“ 1 ,

for all n P Z, which is not positive by Theorem 4.12 and hence not a state.
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