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1 Introduction

A universal C*-algebra for the description of the electromagnetic field has recently
been constructed in [7]. It was argued there that representations of this algebra appear
in any theory describing electromagnetism. The algebra does not contain any specific
dynamical information, yet such information can be obtained from it by (i) choosing
in its dual space some suitable pure state, (ii) proceeding to its GNS representation
and (iii) considering the quotient of the algebra with regard to the kernel of this



representation. In this way one obtains all theories of the electromagnetic field which
comply with the Haag-Kastler axioms [13].

It was observed in this analysis that there exist representations of the universal
algebra with non-trivial topological charges. These charges are given by the commu-
tator of operators, describing the intrinsic (gauge invariant) vector potential, which
have their supports in certain spacelike separated, topologically non-trivial regions
(precise definitions are given below). As was shown in [7], such commutators need
not vanish, but they are elements of the centre of the algebra. The arguments given
in [7] for the existence of states where these commutators have values different from
zero, indicating non-trivial topological charges, led only to an abstract existence the-
orem, however. In particular, the conditions for the existence of these charges re-
mained unclear. It is the aim of the present investigation to clarify this point.

We will show that in all regular pure states on the algebra, where one can define
the vector potential, the topological charges vanish whenever this potential depends
linearly on the underlying test functions. In particular, such charges cannot appear
in the Wightman framework. Yet the condition of unrestrained linearity of quantum
fields on test functions does not have a clear-cut operational basis and seems more a
matter of convenience. In particular, the Haag-Kastler framework of quantum field
theory does not rely on such a condition and non-linear quantum fields already ap-
peared in other contexts, cf. for example [8, Eq. 4] and [5, Rem. 6.1].

Within the present framework of the universal algebra, we will exhibit regular
vacuum states with non-trivial topological charges. There the resulting vector poten-
tials are homogeneous on the space of test functions, but they have the property of
additivity only for test functions with spacelike separated supports (i.e. the potentials
are spacelike linear). Our first example is based on a reinterpretation of the theory of
the free electromagnetic field. We then show that such states also exist in the presence
of non-trivial electric currents.

We also consider theories of several electromagnetic fields which are described
by suitable extensions of the universal algebra. One may expect that these theo-
ries cover the scaling (short distance) limit of non-abelian gauge fields in view of
their expected property of asymptotic freedom. It is of interest that in these theories
there exist regular vacuum states with non-trivial topological charges where the corre-
sponding vector potentials depend linearly on test functions. The topological charges
are given there by the commutator of spacelike separated operators describing dif-
ferent potentials. It is an intriguing question whether such charges might manifest
themselves already at finite scales in gauge theory.

In the subsequent section we recall from [7] some basic properties of the universal
algebra. Sec. 3 contains the proof that regular pure states carrying a non-trivial topo-
logical charge give rise to non-linear vector potentials. In Sec. 4 we exhibit a vacuum
state with vanishing electric current which carries a topological charge. That such
vacuum states also exist for non-trivial electric currents is shown in Sec. 5. Examples



of states carrying a topological charge in theories with several fields are presented in
Sec. 6. The article closes with some brief conclusions.

2 Preliminaries

Conventionally, the electromagnetic field F is described by an operator valued map
f = F(f), where f € 2,(R*) are compactly supported real test functions with values
in the antisymmetric tensors of rank two [17,18]. As is well known, the homogeneous
Maxwell equations imply that this field can conveniently be described by an intrin-
sic (gauge invariant) vector potential g — A(g), where g € 1 (R*), the space of real
vector valued test functions that are co-closed, i.e. satisfy §g = 0. Here 6 denotes
the co-derivative (generalised divergence) which is related to the exterior derivative d
(generalised curl) by § = — xd* and « is the Hodge operator. Recalling that §2 =
the electromagnetic field and the potential are related by F(f) =A(Sf), f € Za(R*),
and the electric current is defined by j(h) = A(S8dh) for real vector valued test func-
tions h € Z;(R*).

In [7] the properties of the intrinsic vector potential were cast into a C*-algebraic
setting by formally proceeding from A(g) to unitary operators V (a, g) = ¢'*(¢). More
precisely, one proceeds from the free *-algebra, generated by the symbols V(a, g),
where a € R, g € ¢ (R*), and takes its quotient with regard to the ideal generated by
the relations

V(a1,g)V(az,g) =V(ai1+azg), V(a,g) =V(-a,g), V(0,g)=1 (2.1)
V(ai,81)V(az,8) =V(1,a181 +axg>) if suppgi X suppg> (2.2)
|V(a,g),|V(ai,g1),V(az,g2)]| =1 forany gif suppg; L suppgz. (2.3)

Relation (2.1) subsumes the algebraic properties of unitary one-parameter groups
a—V(a,g), expressing the idea that one is dealing with the exponential functions
of the potential, mollified with test functions g € %;(IR*). Relation (2.2) encodes re-
stricted linearity and locality properties of the vector potential, where the symbol X
marks pairs of regions that can be separated by two opposite characteristic wedges
(e.g. spacelike separated double cones). The symbol |-, -] in relation (2.3) indicates
the group theoretic commutator of unitary operators; this relation embodies the in-
formation that the commutator of operators which are localised in arbitrary spacelike
separated regions, marked by the symbol L, is a central element. These operators
therefore determine in general superselected quantities which, in view of their topo-
logical nature, are called topological charges. Note that these conditions are slightly
weaker than the corresponding ones in [7]. They simplify the discussion of the topo-
logical charges which are of interest here.

As has been shown in [7], the *-algebra Uy generated by the unitaries V(a,g)
with g € € (R?*), a € R, can be equipped with a C*-norm generated by all of its GNS



representations. Proceeding to the completion of U, with regard to this norm, one
obtains the universal C*-algebra U of the electromagnetic field.

As already mentioned, the algebra U does not contain any dynamical informa-
tion. But since the Poincaré transformations P € 771 act on U by automorphisms otp
which are defined on the generating unitaries by op(V(a,g)) = V(a,gp), where gp
is the Poincaré transformed test function g, one can identify the vacuum states in the
dual space of *U. Picking any such (pure) vacuum state @ and proceeding to its GNS
representation (7, H,€2), one obtains a faithful representation of the quotient algebra
0 /kerm, where the Poincaré transformations are unitarily implemented. In this way
one can in principle describe any dynamics of the electromagnetic field in a manner
which is compatible with the Haag-Kastler axioms [7].

If one wants to recover in a representation from the unitaries V(a, g) the underly-
ing vector potential, one has to restrict attention to states @ that are (strongly) regular.
This means that the functions ay,...,a, — @(V(ai,g1)---V(an,gn)) are smooth for
arbitrary test functions g1,...,g, € 61 (]R“) and n € N. One then finds [7] that in the
corresponding GNS representation (7, H, Q) one has 7t(V (a,g)) = ¢/4+(&) for a € R,
g € €1 (R*). Here A, (g) are selfadjoint operators with a common core D C H that is
stable under their action and includes the vector 2. Moreover, as a consequence of
relation (2.2), these operators are spacelike linear in the sense that they satisfy on D
the equality a1 Az (g1) +a2Ar(g2) = Az(a1g1 + axgz) whenever supp g X supp g2.

If the potential resulting from some regular pure state is also linear in the usual
sense, then this state carries no topological charges, as is shown in the subsequent
section. More precisely, one then has [Az(g1),Az(g2)] = O whenever g;,g> have
spacelike separated supports in linked, loop-shaped regions. Yet, as we shall see,
there exist also regular vacuum states where these commutators have non-trivial val-
ues and the underlying fields are still spacelike linear.

3 Symplectic forms and absence of topological charges

In order to clarify the conditions for the existence of non-trivial topological charges,
we consider in this section regular pure states @ on the universal algebra 2 with cor-
responding GNS representation (7, H,Q); note that we do not require here that these
states describe the vacuum. In complete analogy to the preceding discussion, the reg-
ularity of a state @ implies that for any g € % (R*) there exists a selfadjoint operator
Az(g) in the corresponding representation. These operators are the generators of the
unitary groups a — m(V(a,g)) and have a common stable core D that includes the
vector Q. It then follows from relation (2.3) that whenever suppg; L suppga, the
commutator [Az(g1),Az(g2)] is affiliated with the centre of the weak closure 7(0)~
of the represented algebra. Since the underlying state was assumed to be pure, the el-
ements of the centre, hence also these commutators, are multiples of the identity. So
their expectation values do not depend on the chosen state within the representation



and this brings us to define the real form

0x(g1,82) =i (Q,[Az(g1),Az(g2)] Q) forany gi,g € 6 (RY). (3.1)

Now according to relation (2.2), the operators Ay are in general only spacelike linear.
But, depending on the choice of state, they may also be (real) linear on % (R*). In the
latter case the form o given above defines a bilinear, skew symmetric (symplectic)
form on %7 (R*).

We shall show that such symplectic forms o vanish for any pair of test functions
21,82 € %1(R*) having their supports in certain spacelike separated, linked loop-
shaped regions. Whence the corresponding topological charges vanish. An open,
bounded region £ C R* is said to be loop-shaped if there exists in its interior some
spacelike (hence simple) loop [0, 1] 5 7 +— ¥(t), consisting of points which are space-
like separated from each other, to which it can continuously be retracted. Thus, ¥
is a deformation retract of £ and therefore homotopy equivalent (homotopic) to L.
Simple examples of linked loop-shaped regions are depicted in figure 1.

@ D

Figure 1: Linked loop-shaped regions: Hopf link and Whitehead link

For the proof of these statements, let £ C R* be loop-shaped with corresponding
loop 7 and let Oy C R* be a sufficiently small neighbourhood of the origin such that
(Og +7) C L. Then, for any real scalar test function s € Zp(R*) with support in O,

we define a corresponding loop function x — I y(x) = fol dt s(x —y(t)) y(t), where

y denotes the derivative of y. One easily checks that lsy € €1 (R*) and that it has
support in (O + ) C L. Moreover, if [dxs(x) # 0 there is no f € Z,(R*) with
support in £ such that [, , = 6 f, i.e. Iy is co-closed but not co-exact in this region.
As has been pointed out in [7], this fact is crucial for the appearance of non-trivial
topological charges. We will restrict attention here to charges of this particular type.

The following lemma shows that for given loop-shaped region £ and any function
g € €1(R*), having support in £, one finds within its co-cohomology class (referring
to the co-derivative) loop functions /; y, as given above.

Lemma 3.1. Let g € 61(R*) have support in a loop-shaped region L. There exist
some loop function sy € 6€)(R*) and some f € 2»(R*), both having their support
in L, such that g = l;y+ 0 f. Hence g and Iy lie in the same co-cohomology class
relative to L.



Proof. This statement is equivalent to the statement that xg = xl; , +d x f, where *
is the Hodge operator. In other words, the cohomology classes of these functions
must be related by [xg] = [xls,] € H2(L), where H2(L) denotes the third compact
de Rham cohomology group of forms which are compactly supported in the given
open region. Making use of Poincaré duality [12, Thm. 5.12] and then of the fact that
L is homotopic to y which, being simple, is homotopic to S', we get

H3 (L) ~H' (L)~H'(y)~H'(S") =~ R. (3.2)

Here H?(L)* stands for the algebraic dual of H3(L), H'(-) denotes the first co-
homology group of the respective regions, and the symbol ~ indicates isomor-
phisms between the cohomology groups. Since H2(L)* is finite dimensional, one
has H3(L)* ~ H>(L) which implies H>(L) ~ R.

Now let /5 , be any of the loop functions constructed above. Then x/; y has support
in £ and d xl;y = — % 0l;,y = 0 since [  is co-closed. Moreover, x/;  is exact iff /; y
is co-exact which is the case iff [dxs(x) = 0 for the underlying scalar function s,
cf. [15, §1] and the subsequent section for a proof. Since the possible values of
[dxs(x) exhaust R and H2(L) ~ R, it follows that within the cohomology class
of any given xg one can find the Hodge dual of a loop function, %y, proving the
statement. U

The following statement concerning the forms oy in (3.1) is a consequence of the
preceding result and the causal Poincaré lemma, established in the appendix of [7].

Lemma 3.2. Let L1, Ly be two spacelike separated loop-shaped regions and let
21,82 € 61(R*) have support in Ly, respectively L. Moreover, let oy be linear
in both entries. There are loop functions I, y, ls, y, € €1 (R*) in the co-cohomology
classes of g1, g2 relative to Ly, respectively Lo, such that 6z(81,82) = 6z (L, v lss. 7 )-
If g1 or g3 belong to the trivial co-cohomology class, this expression vanishes.

Proof. By the preceding lemma there exists for given g; € % (R*), having support
in £y, aloop function [, 5, € €} (R*) and some f € Z,(R*), both having support in
that region, such that g = I, 5, + 0 f1. By a partition of unity we split the function
f1 into a sum of test functions fi , € %>(IR*) having their supports in double cones
O in the spacelike complement of £, m =1,...,M, such that f; = 2%21 fim

Now by the causal Poincaré lemma [7] there exists for the given g» and each
m=1,...,M a function f,, € Z>(R*) that has compact support in the spacelike
complement of O, and satisfies go = 0 f>,,. By another partition of unity one
can proceed from f> ,, to functions f> ,,, € .@2(R4), having support in double cones
O3 m,n which are spacelike separated from the double cone Oy ,,, n =1,...,N, and
Zﬁ,vzl fomn = fom for m=1,... .M. After these preparations it follows from the
postulated linearity properties of the form o and relation (2.2) that

M N
Gﬂ(gl _lslmagZ) = Z Z Gﬂ(6f17m75f2,m,n) =0.

m=1n=1
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Thus 67(g1,82) = (L, 5, 82), hence also 67(82,15, v,) = Ox(lsy, 3o+ L5, ) Where L, 4
is any loop function in the co-cohomology class of g,. Since oy is skew symmetric,
the first part of the statement follows. The second part is a consequence of the fact
that one may choose [y, 5, = 0 if g; belongs to the trivial co-cohomology class, and
similarly for g;. O

This lemma shows that the value of the form o (g1,g2) depends only on the co-
cohomology classes of g1, g> and the deformation retracts ¥;, 7> of the loop-shaped
regions L, L, both being encoded in the loop functions I, y,, Iy, 5. We recall that
for given loop 7, the co-cohomology classes are fixed by the class values which are
given by the integral Kk = [dxs(x) € R of the scalar functions s entering in the defi-
nition of [, ; changing the sense of traversal of y results in a sign change of k. The
support properties of s are constrained by the condition (supps+ y) C L for given
loop-shaped region £. Thus for given loops ¥1,7, the expression oz (L, 4, Iy, ) is
proportional to the product k; k» of the class values of the underlying loop functions.

It also follows from this lemma that by deforming the loops ¥1,9> in L, y, Iy, 5
to neighbouring loops 7,7, whilst keeping the product of their class values fixed,
i.e. K| K} = K] Kz, one can proceed to loop functions ly v, Ly, , without changing the
value of the symplectic form, Ox(ls, .15, 5) = Ox(ly y, Ly, ). The latter loops are
in turn deformation retracts of neighbouring loop-shaped regions £/, £). Iterating
this procedure, one can deform the spacelike loops 71,7 to disjoint simple loops
Bi, B, in the time zero plane R3, keeping the value of the symplectic form fixed,
Ox(lsi p515,,) = 0zl g+ Ly, p,)- This deformation can be accomplished by jointly
scaling the time coordinates of the loops to zero. In the next step we show that for
fixed product k; k» the latter expression depends only on the homology class of f; in

R*\supp B,.

Lemma 3.3. Let [, g, L, g, be loop functions, having spacelike separated supports,

which are assigned to disjoint linked loops By, B C R?. Moreover, let El c R3*\supp B2
be in the same homology class as By with regard to R>\supp B,. There exists a loop
function lil 3 in the co-cohomology class of I, g, relative to the spacelike comple-

ment of the support of | such that ox(ly, g, 1y, p,) = 0z (L

52,B2’ ]ﬁl’lszﬁz)'

Remark. Since the notion of homology is weaker than homotopy, this lemma applies
in particular to loops which are homotopy equivalent.

Proof. According to the definition of homology equivalence, cf. [14, Ch. 2.1], there
are singular surfaces Sy C R3\supp 8, and integers my € Z, k = 1,...,n, such that
(B1 — El) = Y, m; dSy, where dS; denotes the boundary of S;. Given the class
value ki of [, ,,, one picks a scalar function 5; € PD0(R*) with [dx5)(x) = k| such
that (supps; + Sk) lies in the spacelike complement of the support of I, 4, for all k.
Note that a replacement of the scalar function s; in the definition of [, 5, by 51 does
not change its co-cohomology class and the value of 6z (I, y,,1s,,5 ), ¢.f. Lemma 3.2.



With this input one defines the function f = Y, my fi € Z>(R*), having support
in the spacelike complement of the support of [, ,,, where,

xe 1Y (x) =
1 1-1
/ dt du s1(x — Si(t,u)) (8tSk(t,u)“ 0uSk(t,u)¥ — BISk(t,u)"augS’k(t,u)v) .
0 0
By a routine computation, one obtains 0 fy = 5, 55, fork=1,...,n, giving

8f =Y medfi=Y mls a5, =l 15 j -
k k

Decomposing f into a sum of test functions having their supports in double cones in
the spacelike complement of the support of [, g,, it follows from Lemma 3.2 and the
argument given there that

Gﬂ(lshﬁl?lszﬁz) - G”(ls“lﬁl ) lszﬁz) = G”(lﬁ B lsjﬁl’lszﬁz) = G”((Sf’ lSZaﬁZ) =0,
completing the proof. 0
We have now the information needed to prove the main result of this section.

Proposition 3.4. Let L1, L, be two spacelike separated loop-shaped regions which
can continuously be retracted to spacelike linked loops 7y and 7, respectively. More-
over, let oy be linear in both entries. Then, for any g1,g> € €1(R*) having support
in Ly, respectively L, one has 67(g1,82) =0.

Proof. According to Lemma 3.2 there exist loop functions I, , I, 5, With corre-
sponding class values ki, k» such that 6(g1,82) = Oz (ls, 1+ 15,3, ). Disregarding the
trivial case, where one of the class values is zero, we cancel the inherent product x|
and assume that k] = k» = 1. Moreover, we assume that the supports of the scalar
smearing functions s;,s, are chosen such that the resulting loop functions always
have spacelike separated supports.

Making use again of Lemma 3.2, one can deform the spacelike separated loops
7,7 C R* to disjoint loops Bi, 8, C R without changing the value of the sym-
plectic form, i.e. 67(g1,82) = 0z(ly, L5, 6,)- By Lemma 3.3 one can then proceed

from the loop B; to any other loop B; in the same homology class within the region
R\ supp B, retaining the value of the form, Or(ls, p>lsy ) = Gﬂ(lsl 51,152752). Sim-

ilarly, one can replace the loop B> by any other loop f3, in the same homology class
relative to R3\suppB;. Taking into account that o, is skew symmetric, this gives
altogether

Gﬂ?(gng) = O-ﬂ(ls] Bi 7lS2.,[32) = _Gﬂ(lsz,ﬁzvlslﬁl) = _6”(132,527151751) = Gﬂ'(lsl’gl >lS27EZ) :



Now the initial curves B;, 8, C R? are simple, so their supports are homeo-
morphic to the circle S'. For any such curve f3, one has for the homology group
H (R3\ﬁ) ~H 1([3 ) & Z by Alexander duality [4, Ch. VI, Cor. 8.6]. (Note that we
are dealing here with homology groups having coefficients in Z.) Hence one can
choose for Bl , BZ linked circles &, &, of equal radius (forming a Hopf link) which, by
convention, are traversed in positive direction in their respective planes; depending
on the homology classes of the loops B, B2, these circles are traversed nj, respec-
tively ny times, ny,ny € 7Z, giving G”(lsl,ﬁl’lnﬁz) = mmy0x(l, ¢,,15, ¢,). Finally,
one continuously exchanges the pair of circles {;, §; into &>, {; while keeping their
distance greater than zero. By another application of Lemma 3.3, one then obtains
or(ls,.¢5ls.0,) = Or(lsy.00515,¢,) = 0, where the second equality follows from the
skew symmetry of oz. Since o7(g1,82) = minaox(ly, ¢,,1l,¢,), this completes the
proof of the statement. 0

So we conclude that the topological charges exhibited in [7] are trivial in any
regular representation of the universal algebra in which the corresponding intrinsic
vector potential depends linearly on the elements of % (R*).

4 A vacuum state with non-trivial topological charge

In this section we present a regular vacuum representation of the universal algebra
with a non-trivial topological charge. This simple example derives from the free
electromagnetic field. Roughly speaking, we merge the electric and magnetic parts
of this linear field in a non-linear manner, thereby obtaining a spacelike linear field
carrying a topological charge. The resulting Haag-Kastler net coincides with the
original net, so our construction relies on a re-interpretation of the original theory.
It shows that the universal algebra gives leeway to the appearance of topological
charges.

We proceed from the regular vacuum state @y on the universal algebra, giving
rise to a vanishing electric current and a linear free vector potential [7]. Its GNS
representation is denoted by (7, Ho, Qo) and the resulting vector potential by Ag
with domain Dy C Hy. As is well known, this special vacuum state is quasi-free, so
the correlation functions of the potential are fixed by the two-point function

(Q0,A0(81)A0(g2)Q0) = —(271)_3/611? 0(p0)8(p*)81(—p)g2(p), 81,82 € C1(RY).

Here g denotes the Fourier transform of g and the product of functions is defined by
the Lorentz scalar product of their components. We recall that there exists on Hy a
continuous unitary representation Uy of the Poincaré group 731 that satisfies the rela-
tivistic spectrum condition, leaves { invariant and induces Poincaré transformations
of the vector potential, Uy(P)Ao(g)Us(P) "' = Ao(gp) for P € 771.



For the construction of a potential which is associated with a topological charge
we make use of the following facts. Given g € € (R?*), let G € Z,(R*) be any of
its co-primitives, i.e. g = 6G. If G,G’ are two such co-primitives for the given g,
there exists a test function with values in totally antisymmetric tensors of rank three,
k € 25(R*), such that G — G’ = Sk. Thus, using proper coordinates, the tensor

Gt = /dx G*Y (x)

depends only on g and not on the chosen co-primitive G. Moreover, it is invariant
under translations and transforms covariantly under Lorentz transformations of the
underlying g. Second, also the operators Ag(8 x G) depend only on g € %1 (R*), but
not on the chosen co-primitive G € @2(R4). This follows from

Ao(8+8k) = —Ao(8d*k) = —jo(xk) =0, ke Z3(R*),

bearing in mind that the electric current jj vanishes according to our assumptions.

Now let 61 be the characteristic functions of the positive, respectively negative
reals (where 0 is excluded) and let, in proper coordinates, G = éuv@#v. Given
any g € 61(R*) we decompose it into functions having their supports in disjoint
connected regions, g = Y, g5, and define on the domain Dy a topological potential,
putting

Ar(8) = Y (6+(G.) Ao(8Gy) + 6_(Gi ) Ao(8 % Gy)) - (4.1)
n
This definition is clearly meaningful for test functions g which can be split into a finite
sum of functions having disjoint connected supports. But since Ag is an operator-
valued distribution, it is not difficult to show that this definition can be extended by
continuity to arbitrary test functions.

Omitting this step, let us turn to the proof that the operators Az (g), g € 61 (R*),
arise as vector potentials of some regular vacuum representation of the universal al-
gebra that carries a non-trivial topological charge. We begin by recalling that the
domain Dy is a common core for the operators Ay(g), g € € (R4 ), which is stable
under the action of the corresponding exponential functions (Weyl operators). Since
the step from Ag to A7 is based on some non-linear transformation of the test func-
tions, c.f. below, it follows that the operators A7 (g) share this domain property. In
particular, their exponentials ¢“A7(8) satisfy condition (2.1) for a € R, g € € (R*).

For the proof that Ar is spacelike linear, i.e. condition (2.2) holds for its expo-
nentials, we note that for any pair g1,g2 € %1(R*) satisfying suppg; X suppg», all
functions g1, g2, appearing in their respective decompositions satisfy this condi-
tion as well. Now given functions g1 ,,82., € 61 (R“) with supp g1, X Supp g2, it
follows from the local Poincaré lemma [7] that there are corresponding co-primitives
Gim,Gon € Do (R“) satisfying supp G, X supp G2 ,. Since the initial potential Ag
satisfies condition (2.2) and since the Hodge operator x as well as the co-derivative &
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do not impair the localisation properties of test functions, it follows from the defining
relation (4.1) that [Ar(g1),Ar(g2)] = 0 if suppg; X supp g2, as claimed.

Next, for given g € €1 (R*) with co-primitive G € 2,(R*) and any Poincaré trans-
formation P € PL the transformed tensor Gp is a co-primitive of the transformed g,.
Since Gip2 =G and disjoint sets are mapped to disjoint sets by Poincaré transforma-
tions, it follows from relation (4.1) that Uy(P)Ar(g)Us(P)~' = Ar(gp) for P € 771
and g € % (R*). Thus the topological potential A7 transforms covariantly under the
given representation of the Poincaré group and the interpretation of the vector g as
vacuum state does not change. What changes, however, are the expectation values of
the elements of the universal algebra. As has been explained in [7], these are fixed
by the generating function of the vector potential.

In the case at hand, the generating function can easily be obtained from the one
of the free field. To explicate this we introduce the notation

. —2 ——2
Gr=Y (6:(Gy)Gu+6-(Gy')*Gy),
n
where we recall that the G, € %, (IR?*) are co-primitives of the different disjoint por-
tions g, of g € €1(R*), n € N. Since A¢ depends linearly on test functions, this
yields the equality A7 (g) = Ag(8Gr). Denoting the topological vacuum state on the
universal algebra U by @r, its generating function is given by, a € R and g € ¢} (R*),

or(V(a,g))
= (Qp,¢947(8) Q) = =@ 1) [dpO(p0)8(r?) (PGr (=) (PGr(p))/2 4.2)

where, in proper coordinates, (p(/;\T(p)) u= pv(/}\T(p) uv- Thus the GNS representa-
tion induced by @y acts on Hg and the cyclic GNS vector Qg represents the state. The
corresponding homomorphism 77, mapping the elements of the universal algebra U
to bounded operators, is given by mr(V(a,g)) = ¢@0(967) for q € R, g € € (R*).
Since the free field Ag has c-number commutation relations, one obtains for the com-
mutator of the topological potential [A7(g1),A7(g2)] = [A0(6G17),A0(6Gar)] € C1.
So the commutator lies in the centre of the represented algebra and condition (2.3) is
clearly satisfied.

It remains to prove that the topological vacuum state @y gives rise to some non-
trivial topological charge, i.e. that there exist functions with spacelike separated,
linked supports, supp g L supp g2, for which the commutator of the topological vec-
tor potential has values different from zero. We restrict attention here to functions
which both have their supports in some connected region. Then one obtains

Ar(21),A7(82)] = (04(G1)0:(G2) +6_(Gr)0_(G2)) A(G1,Ga) 1

+(6,(G1)0_(G2’) — 0:(G2)0_(G1)) A(G1,*Ga) 1. (4.3)
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Here A is the commutator function of the free Maxwell field,

A(G1.G) = (2m) 2 [dpe(p0)s(r?) (0Gi (=) (pGalp)). ()

and we made use of the fact that the free field and its Hodge dual have the same com-
mutator function, A(xG1,xG>) = A(G1,G>). Moreover, since xx [ Z>(R*) = —1,
we have A(G2,%G1) = —A(xG1,Gy) = A(xG1,%x G2) = A(G1,*G), i.e. the latter
distribution is symmetric in G1, G».

Relying on results by Roberts [15], we will make use of the appearance of the dis-
tribution A(G1,*G) in the commutator of the topological field. Roberts has shown
that this term has non-trivial values for certain pairs of test functions g1, g> € €1 (R*)
with spacelike separated supports. But we have to control here also the connec-
tivity of their supports as well as the pre-factor of the Roberts term appearing in
relation (4.3).

Choosing proper coordinates, let [0,1] 5 ¢ +— ¥ (1) be unit circles which are
centred at time zero at the origin of the i-k-plane, i,k € {1,2,3}. We consider the
corresponding loop functions x — g(*) (x) = fol dt s(x — Y (1)) (1), where s is a
scalar test function with support in a small neighbourhood of 0 € R*. It is convenient
to choose functions of the form x — s (x) = a(xo,x) b(x? +x7), i,k,I € {1,2,3}.

Then one obtains x — g,(jk) (x) = (=8uixk + 8uxxi) a(xo,x;) c(x? +x7), where

1
Fi o(r2) = m—l/ dt cos(2m1)b(r — 2rcos(27mr) + 1).
0

Note that the latter function has support in small neighbourhoods of r = £1 since b
has support in a small neighbourhood of the origin. Thus by choosing for a,b test
functions of definite sign which have their supports in small connected regions, the
supports of the resulting functions x — g (x) are contained in loop-shaped regions
(solid tori). Moreover, these functions have co-primitives of the simple form

X G () = 27 (8u8vi — Sui i) alxo, 1) C(FF +43)
where r +— C(r?) = — [Sduc(u) is a test function of compact support which is con-
stant for small argument.

Whereas these (suitably shifted) co-primitives give rise to non-trivial values of
the Roberts term in relation (4.3), there arises a problem with its pre-factor. Since
the tensors G have only spatial components, i.e. are of magnetic type, one has
—2
Gk)” < 0 and the pre-factor vanishes. This problem can be solved by proceeding
from the loop functions g™ to the family of functions (g(ik) +n g(OI)), n € R. Here

the g € €, (R*) may be chosen according to
x g (6) = (840 — Bur do) o, ) + ).
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Then the functions (g(ik) +n g(OZ)), N € R, have the same support as the loop func-
tions. The co-primitives of g(%) are of electric type and are given by

X — GLO‘Z,) = (5“06‘,[ — 5v05#1)a(x0,x1)c(x,~2 +C%) .

So one obtains (G(*) + nG(Ol))2 = G(”‘)2 + nzG(Ol)2 which is positive for sufficiently
large 1. Modifying one of the loop functions in the Roberts term in this manner, one
does not change its value since the co-primitives of electric type are mapped by the
Hodge operator x to functions of magnetic type whose commutators vanish.

For the proof that the commutator of the topological vector potential does not
vanish, we pick the modified loop function (g(lz) +7n g(03)) and the loop function
g93), where the latter function is translated into the 1-direction by the unit vector e.
So the supports of the resulting functions are intertwined, forming a Hopf link. Since

2
G)" < 0 and, for suitable 17, (G2 +nG©3)) > 0, it follows that

Ar(g" +18"Y), Ar ()] = G G 1.

Inserting the functions given above and disregarding numerical factors, one gets
AG1 xGUY)
o /dpe(po)5(192) (@(=po,—p3) he(pi +p3)) (Po@(po, p2) C(pi+p3)) e 7.

We make use now of the freedom to choose the function a within the above limitations
and proceed to the limit case where a is the Dirac 8 function. Then a'is constant and
one can perform the pg-integration, turning the above integral into

/d3p (d18(p}+p3)) C(p+pl)e P o /dx1 xie(x}) C((x1 —er))?.

Now the function x; — 2x1c(x%) has support in an €-neighbourhood of 41, whereas
its primitive x; — C(x}) has a constant, non-zero value in the interval |x;| < (1 —¢)
and vanishes for |x;| > (1 + €). Hence, due to the translation e;, only positive values
of x| contribute to the above integral which consequently does not vanish. This shows
that the Roberts term is different from zero in the limit where a is the Dirac delta
function. In view of the continuity properties of the defining integral this is therefore
also true for suitable approximating test functions a. Thus we have established the
existence of topological charges in this model.

Proposition 4.1. Let wr be the regular vacuum state on the universal algebra 0
which is fixed by the generating function (4.2). There exist functions g1,g> € €1(R*)
with supp g L suppgs such that the central group-theoretic commutator in condi-
tion (2.3) has values different from 1 in the GNS representation induced by @r. Thus
there appear non-trivial topological charges in this representation.
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We conclude this section by coming back to a remark made in the proof of
Lemma 3.1. There it was stated that loop functions with support in loop-shaped
regions, being co-closed, are in general not co-exact in these regions. This is evident
now from the preceding computations. For if the loop functions g(*), having support
in some solid torus, would have co-primitives G'*) which have their support in the
same region, the Roberts term A(G(lz),*G(ew)) would vanish. This follows from the
fact that the Hodge operator x does not change supports and the commutator func-
tion A vanishes on test functions in %, (R*) with spacelike separated supports. But

this would be in conflict with the results of the preceding computations.

5 Electric currents and spacelike linear vector potentials

In the preceding section we have exhibited a theory with non-trivial topological
charge, but trivial electric current. We will show now that there exist topological
charges in presence of given electric currents. This result may look surprising since,
as is well known, it is in general not possible to couple any given current via field
equations to a Wightman field, cf. [1]. But, as we have shown, in the presence of
topological charges the vector potentials can at best be spacelike linear, they are
never Wightman fields. It turns out that within this larger class of fields, the in-
homogeneous Maxwell equation does have solutions for almost any given current.
Combining them with the field of the preceding section, one obtains vector potentials
carrying a topological charge also in the presence of electric currents.

Our starting point is a conserved current j(h), h € 21 (R*), satisfying all Wight-
man axioms [16]. In particular, it is (real) linear on test functions, local, and it trans-
forms covariantly under a continuous unitary representation U, of the Poincaré group
PL satisfying the relativistic spectrum condition. We also assume that the current
operators act on a common stable core D; C H; which contains the vacuum vector
Q; and which is stable under the action of the unitary operators /), h € 2 (R*).
Examples of such currents are familiar from theories of charged free fields.

It is our aim to show that there exists a spacelike linear vector potential A; which
arises from a regular vacuum representation of the universal algebra U on the Hilbert
space H; and which satisfies on the domain D; the inhomogeneous Maxwell equa-
tion A;(8dh) = j(h), h € 21(R*). Note that §d 2 (R*) C €, (R*); so, for given j,
the potential A; is already defined by this equation on this subspace. Thus we are
faced with the problem to extend it consistently to all of %7 (R*) and, less trivial, to
determine its localisation properties from those of the given j. This is accomplished
with the help of the following lemma.

Lemma 5.1. Let g = 8dh € 8d 21 (R*). (i) The pre-image h € 91 (R*) of g is uniquely
determined liy g up to elements of dZy(R*). (ii) Let O D supp g be such thai the com-
plement of O = (O +V.)(O +V_) has trivial first homology, H;(R*\O) = {0}.
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There exist pre-images h € 2, (R*) of g having support in any given neighbourhood
of O. (iii) The map from 5d 2, (R*) into the classes 2\(R*)/dZo(R*) of pre-images

s continuous.
Proof. (i) Let hy,hy € 21(R*) such that §dh; = g = 8dh,. Then
Od(hy —hy) = (d6+6d)d(hy —hy) =0,

i.e. d(hy — hy) is a solution of the wave equation with compact support and hence
vanishes everywhere, d(h; — hy) = 0. Thus, by the compact Poincaré lemma, there
exists a scalar test function s € 9 (R4) such that iy — hy = ds.

(i) By assumption, (dh = (6d +dd)dh = dg and consequently dh = E dg+ f,
where E are the retarded and advanced Green’s functions and f. are solutions of the
wave equation. Since g,h have compact support, the support of EL dg is contained
in future, respectively past directed lightcones and this is therefore also true for f.
Since the latter functions are solutions of the wave equation, it follows that f1. = 0.
Thus dh = E+ dg and consequently supp dh C {suppg+ Vi }{suppg+V_} C O.
Since dh [R“\@ =0and H, (R“\@) = {0}, there is some smooth scalar function s
on that region, such that (h—ds) | R“\@ = 0. We choose now a smooth characteristic
function ¢ which is equal to 1 on O and vanishes outside some given neighbourhood
of O. The function h = (h—d(1 —c)s) is then an element of Z;(R*) which has
support in this neighbourhood and satisfies dh = g, as claimed.

(iii) Let Oy C R* be any open double cone and let g = 8dh € §dZ;(R*) have
support in the interior of Op. Since R*\ Oy is simply connected and consequently
H (RN Op) = {0}, we may assume according to the preceding step that & has its
support in Oy as well. Moreover, dh = E1+dg = dE.. g, hence dE.g | R"\Op = 0.
The solutions of this equation are the path integrals x — [ dy, (E+g)* (y) along any
path from some fixed initial point x, to x within the region R*\ Op. Picking a double
cone O containing Oy in its interior and a smooth characteristic function ¢ which is
equal to 1 on Oy and vanishes in the complement of O, we put

£ e () = Exgl) ~d (1) [ dyu ()" ().

These functions are elements of Z;(R*), have support in O, and satisfy ddh. = g.
Moreover, for fixed index + or —, they depend continuously on the test functions
g € 8d 2, (R*) having support in . Since the choice of regions was arbitrary, this
completes the proof. O

We are equipped now with the tools to extend the vector potential A to €1 (R*).
As explained above, A; is already defined on the subspace §d%;(R*). Elements
of %1(R*) which belong to this subspace will be marked by an index —, that is
g_ € % (R*) means that there is some h_ € Z;(R*) such that g_ = §dh_.
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For the desired extension of A; to %7 (R*), we begin by considering the functions
g € €1 (R*) whose support is connected. If g = g_ we put A;(g) = ji(h_), otherwise
we put A;(g) = 0. This definition is consistent according to part (i) of the preced-
ing lemma since j(ds) =0, s € Zp(R*), due to current conservation. Next, given
any g € ¢, (R*), we decompose it into functions having disjoint connected supports,
g =Y, 8n We then collect from this sum all terms g, which are of type -—, giving
g_ = Y,vgw_. Denoting the remainder by g, this produces for any g € €1 (R*) a
unique splitting g = g_ + g~. After these preparations we can extend the definition
of the vector potential to arbitrary test functions, putting on the dense domain D;

Arg) =AY v ) =Y hw ), g€CI(RY). (5.1)

This definition is meaningful as it stands for test functions g which can be split into
finite sums of functions with disjoint connected supports. Since j is a Wightman
field it can then be extended by continuity to arbitrary test functions, relying on part
(iii) of the preceding lemma. With this construction, we can then write in an obvious
notation A;(g) = As(g_) = j(h_), g € €1 (R*). In particular, A;(g~) = 0.

Having defined the vector potential, let us turn now to the discussion of its prop-
erties. Since A;(g) = j(h_) and the domain D; is a common core for the currents
j(h) which is stable under the action of the corresponding unitaries, 7 € Z;(R?),
this is also true for A;(g) and the unitaries ¢/#4/(¢), where a € R, g € € (R*). Thus
condition (2.1) is satisfied.

For the proof of condition (2.2), let g1,g2 € €1 (R*) such that suppg; X supp g2,
i.e. g1,8» have support in spacelike separated double cones. Then their -— contribu-
tions g1_, g2 share this property and in view of the second part of Lemma 5.1 there
exist corresponding pre-images iy _,hy_ € 21(R*) such that supp/h;_ X supphy_.
Since the current is linear in the test functions and local it follows that

la14i(81) i2As(82) — piarj(hi-) giarjlhy_) _ pii(aih— +axhy_) _ piAs(a181 +axg)

in accordance with condition (2.2).

The proof of condition (2.3) requires more work because of the intricate relation
between the support of the elements of 54 7, (R*) and of their pre-images in Z; (R*).
We begin with some technical lemma.

Lemma 5.2. Let hy,hy € 2,(R*) such that suppdh, L supphy. Then one has
[j(h1),j(h2)] = 0.

Proof. First, we assume that /4, has support in some open double cone O, | suppd h;.
Since suppdh; is compact there exists another open double cone O; D O, such
that suppd h; C O1 (N Ox, where O denotes the spacelike complement of . We

need to show that there is some function i, € Z;(R*) with support in O; (O3
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such that d(h —Zl) = 0. Since dh is a closed two-form, this is a problem in sec-
ond cohomology with compact support for this region [6], i.e. we must show that
the cohomology group H2(O1(NO5) is trivial. Now O;(O5 is homeomorphic
to the region S' x B, where B is a three-dimensional open ball, and consequently
H?(O1N0O5) =~ H>(S' x B?). Next, by the Kiinneth formula for compact cohomol-
ogy [12, Sec. 5.19], one has for integers i, j > 0

H(S'xB)~ P HL(S")®H/(B*).
i+j=2

Now HZ(S') = {0} for p > 2 since all p-forms of degree greater than 1 vanish on S'.
Moreover, HY (B) ~ HY (R?) since B is homeomorphic to R3, and H/ (R?) = {0} if
p #31[6,p. 19]. Hence H>(O1 N O5) ~ H>(S' x B3) = {0}. This implies that there
is some test function i; € 2 (R*) with support in O1 N O5 such that d(h; —%1) =0
on R*. Thus, according to the compact Poincaré lemma, there is some scalar test
function s € @0(R4) such that iy = h; +ds. Because of current ¢ conservation one has
Jj(ds) =0, hence, taking into account the support properties of 4}, i, and the fact that
J is a local Wightman field, one finally gets [j(h1), j(h2)] = [j(h1),j(h2)] = 0. This
proves the statement in the special case.

Now let A, be an arbitrary test function such that supp/, L suppdh;. By a par-
tition of unity, we decompose %, into a finite sum hy = Y, ho, of test functions
hom € 21(R*) having support in double cones Oz Lsupphy, m=1,...,n. Since j
is linear, we obtain [j(h;), j(h2)] = ¥,.[j(h1), j(ham)] = O where the second equality
follows from the preceding step, completing the proof. O

Turning now to the proof that A; satisfies condition (2.3), let g1, 2> € €1 (R4) with
suppgi L suppgz. Since A;(g~) = 0 by definition, it suffices to consider the cases
where g1,g> are both of type ~—. One then gets [A;(g1),As(g2)] = [j(h1), j(h2)] for
their respective pre-images hy,hy € 21 (R*). As was shown in the proof of part (ii) of
Lemma 5.1, one has suppdh,, C O,, = (suppgm + Vi) (suppgm +V-), m=1,2,
and consequently O; L O,. We define now for given y € R* functions &, yED (RY),
m = 1,2, putting

xo K /dt (dhy)2 (x — 1y yv_/dt (O (x—1y) — 9V (x— 1)) v
The integral can be computed, giving

Kby () = Rl (x) — Ry (x —y) + " /Oldtyvh,‘%(x—ty), m=1,2.
Note that the last term is the gradient of a scalar test function which consequently

gives zero if plugged into the current j because of current conservation. From the
integral representation of the functions k,, , one sees that these functions have support
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in the regions 6,,1y = Uo<i<1(Om +1ty), m=1,2. So, for sufficiently small y € R4,
these regions are still spacelike separated. We compute now for such y

L), j(h2)] = [i(hay + ki ), j(hay ko y)]
= [i(hy), j(hoy) =+ [ (hay), (k2 )] 4 [ (K ), J (hay) ]+ Ly ) (k2 )] -

Since (’)1y 1L Ozy, the last term on the rlght hand side of this equahty vanishes because
J is local. Noticing that suppdhi, C (’)1) and suppdhy, C (’)2}, the first and second
to last terms also vanish by the preceding lemma. So we are left with the equality
[j(h1),j(h2)] = [j(h1y), j(hay)] for small translations; iterating this procedure we then
see that it holds for all y € R*. Because of locality, the commutator is thus an element
of the centre of the algebra generated by the current. Since the subspace 6d %, (R?)
is stable under translations we conclude that this holds also for [A;(g;),A;(g2)] if
supp g1 L supp g2, establishing condition (2.3).

It remains to show that the potential A; arises from some regular vacuum repre-
sentation of the universal algebra. To prove this let g € €} (R*) be of type — and let
Pe 771 be any Poincaré transformation. Since (8dh)p = 8dhp for h € Z;(R*) and
since the connectivity properties of supports are respected by Poincaré transforma-
tions, one obtains g_p = gp_. It follows that A; transforms covariantly under the
unitary representation U, of the Poincaré group for the given current,

Us(P)A;(g)Us(P)~" = Us(P)A; (g )Us;(P) ™" = U;(P)j(h_)U;(P)”"
= jlh_p)=A;(g_pr) =As(gp—) =A,(gP).

Thus the vector Q; € H; represents a vacuum state also for the vector potential A;.
We therefore obtain on the underlying Hilbert space H; a vacuum representation 7;
of the universal algebra U, putting

my(V(a,g)) = elaAI(8-) = glai(h-) 4 R, g E B (]R4).
The generating functional of the vacuum state w; on U is given by
0 (V(a,g)) = (Q,e4E)Q)) = (Q;,")Q,), acR, ge % (RY).
We summarise these results in the following proposition.

Proposition 5.3. Ler j be any local, covariant and conserved current satisfying all
Wightman axioms and having domain properties as described above. There exists a
regular vacuum state ®; on the universal algebra *U of the electromagnetic field such
that the vector potential Ay in the resulting GNS-representation is spacelike linear
and satisfies the inhomogeneous Maxwell equation for the given current.
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Let us finally determine the topological charge of the potential A; associated with
linked spacelike separated loop-shaped regions. So let g € €, (R*) have support
in some loop-shaped region £ which can continuously be retracted to some sim-
ple spacelike loop . This is then also possible for £L={L+V, }{L+V_} D L.
So the complement ]R‘l\ﬁ~ is homotopic to R*\y and one has for the correspond-
ing homology groups H; (R“\Z) ~ H;(R*\y). By Alexander duality one obtains
Hy(RM\y) ~ H?(y) ~ H*(S') = {0}, cf. [4, Ch. VI, Cor. 8.6]. So we conclude that for
the — component g_ of g, which likewise has support in L, there exists according to
part (ii) of Lemma 5.1 a pre-image h_ which has support in any given neighbourhood
of L. Thus if g1, g € % (R*) have their supports in spacelike separated loop-shaped
regions £ and £;, respectively, one obtains

[As(81),A5(82)] = [As(g1-),As(82-)] = [ (1~ ), j(har)] = 0.

The latter equality follows from the fact that £, iy have their supports in neighbour-
hoods of the spacelike separated regions £ and L5, respectively, and the locality of
the current. Thus the topological charges related to linked loop-shaped regions turn
out to be trivial for the vector potentials A;.

One can, however, combine the results of the preceding section with the present
ones in order to exhibit examples of regular vacuum representations of the univer-
sal algebra U with, both, non-trivial topological charges and electric currents. The
construction is similar to the definition of s-products in the Wightman framework
of quantum field theory [2]. For the convenience of the reader, we briefly recall
here this procedure. Let (77, H7,Qr) be a regular vacuum representation of U
with non-trivial topological charge but trivial electric current and let (7, Hy, Q)
be a regular vacuum representation of J with non-trivial electric current but trivial
topological charge. One then constructs a representation 77y on Hy ® Hy, putting
nri(V(a,8)) =nr(V(a,g)) @7 (V(a,g)) fora € R, g € 6, (R*). Restricting the alge-
bra 777 ($0) to the subspace Hr; = 77, (V) Qry C Hr ® Hy, where Qry = Qr @ Qy,
one obtains a regular vacuum representation (7ry, Hry, Qry) of U with generating
function

or;(V(a,g)) = (Qr,mr(V(a,8)Qr) (Q, 7 (V(a,8))Q)), acR, geE(RY).

We omit the simple proof that this representation has the desired properties.

6 Topological charges of multiplets of electromagnetic fields

Up to this point we have considered the case of a single species of the electromagnetic
field, described by the universal algebra 2J. One may expect that multiplets of such
fields appear in the short distance (scaling) limit of non-abelian gauge theories, where

19



the gauge fields become non-interacting and transform as tensors under the adjoint
action of some global gauge group. It seems therefore worthwhile to discuss the
possible appearance of topological charges for these limit theories.

In order to keep the framework simple, we treat here only the case of two elec-
tromagnetic fields with corresponding intrinsic vector potentials. The description of
these potentials in terms of a universal algebra is straight forward: instead of pro-
ceeding from the space % (R*) of test functions, we consider now the algebraic sum
% (R*) @ %) (R*). The corresponding universal algebra is determined by the rela-
tions (2.1), (2.2) and (2.3), where one now takes g € ¢ (R*) @ %, (R*) and where
the support properties are determined by the eight components of these functions. It
follows from the arguments given in [7] that the *-algebra generated by the unitaries
Va(a,g), where a € R, g € 61 (R*) @ 61 (R*), has a C*-norm induced by all of its
GNS representations. The completion of this algebra with regard to this norm will
be denoted by U»; note that this algebra is not isomorphic to the completion of the
algebraic tensor product U @ U since the two types of fields need not commute with
each other. The definitions of Poincaré transformations and of regular vacuum states
carry over, mutatis mutandis, to U, from those given for 2. Thus they need not be
detailed here.

It is our aim to show that there exist regular vacuum representations of U, with
non-trivial topological charge. More concretely, the group-theoretic commutator
|Va(g1),Va(g2)] attains in these representations values different from 1 for test func-
tions g1, g2 € 61(R*) @ %1 (R*) with suppg; L suppgs. Yet, in contrast to the results
of Sec. 3 for the algebra U, the underlying electromagnetic fields are now (linear)
Wightman fields.

The example which we are going to construct is a generalised free field the-
ory which is determined by its two-point function. In order to simplify the nota-
tion, we introduce subspaces of €71 (R*) © %7 (R*), given by %, (R*) = €, (R*) @ {0},
€4(R*) = {0} © €1 (R*) and we denote by g, g their respective elements. More-
over, similarly to Sec. 4, we proceed from the components g € %(R*) to their
(classes of) co-primitives G € 2,(R?), viz. g = §G. Making use of this notation,
we define for fixed —1 < { < 1 a sesquilinear form on the complex vector space
C% (R*) @61 (R*). Given g, = (gmu + gma) With co-primitive G, = (Gyy + Gina),
m=1,2, we put

(81,82)¢ = (G1u, Gau)o + (G1a, Gaa)o + §{G1u, xGaa)o — §(G1a,*Gou)o -

Here
(61,G2)o = (2m) [ dp8(po) 6(5*) (G (1) (P Galp)

is the familiar scalar product on the one-particle space of the free Maxwell field for
G1,Gy € CP(R*). Since (xG1,%G2)o = (G1,G)o and %% | C 25 (R*) = —1 one has
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(81,82)¢ = (82,81)¢. Moreover,
(G1,%xG2)0|* < (G1,G1)o (xG2,%xG2)o = (G1,G1)0 (G2, Ga)o
and consequently

(8,8)¢ > (Gu, Gu)o+ (Ga, Ga)o — 2|1/ (Gu, Gu)o(Ga, Ga)o > 0.

Hence (-, -)¢ defines a positive (semidefinite) scalar product on C%;(R*) %) (R*)
for the given range of . Since it is invariant under Poincaré transformations and the
Fourier transforms of x +— (g1, g2x)¢ have support in V., it can be taken as two-point
function of (a pair of) vector potentials A;. Moreover, one can define corresponding
regular quasi-free vacuum states @, on U, with generating function

wg(VZ(aag)) = e—a2 <g,g>g/2’ ac Ra g¢c Cgl (R4) 69Cgl (R4) :

Proceeding to the GNS representations (7;,H¢,€2;), one obtains vector potentials
A¢(g) which depend linearly on g € %} (R*) @ %1 (R*). Furthermore, the resulting
electromagnetic fields satisfy all Wightman axioms [16]. The familiar arguments
establishing these facts are omitted here.

Let us turn now to the determination of the topological charges carried by A¢.
They are fixed by the commutator, g1, g2 € %1 (R*) @ % (R?),

[Ac(g1),A¢(g2)] = ((81,82)¢ — (82:81)¢) 1
= (A(Gu, Gou) + A(G1a,G2g) + CA(Gru, %Gag) — EA(Gra, %Gau) ) 1.

Here A is the distribution given in relation (4.4). Whence these commutators have
a similar structure as the ones given in equation (4.3) for the topological vector
potential A7. In particular, if { # 0, they contain terms of the form A(G,*G’)
which are different from zero for suitable functions g = § G,g' = § G’ € % (R*) with
suppg L suppg’, cf. Sec. 4. Thus, choosing in the present case a pair g; € ,(R*),
g2 € €;(R*) of this particular type, it follows that the commutators are different from
zero, indicating a non-trivial topological charge. Hence the present model provides
examples of such theories with fully linear vector potentials. We note that these theo-
ries have, for any —1 < £ < 1, a global internal symmetry group SO(2) whose action
R(6), 6 €[0,27], on g€ €1 (R*)® % (R?) is given by

(R(8)g)u = cos(0)g, +sin(0)ga, (R(0)g)a = —sin(6)g,+cos(0)ga,

in an obvious notation.

In a similar manner one can exhibit the existence of representations with non-
trivial topological charge for higher dimensional multiplets of electromagnetic Wight-
man fields. The details are straightforward generalisations of the present example. Of
particular interest is the question in which manner such representations could mani-
fest themselves already at finite scales in asymptotically free non-abelian gauge theo-
ries. To answer this question would go beyond the scope of the present investigation,
however.
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7 Conclusions

Within the framework of the universal C*-algebra of the electromagnetic field, we
have clarified the conditions for the existence of theories with topological charges.
As we have seen, the intrinsic (gauge invariant) vector potential cannot depend lin-
early on test functions if these charges are non-trivial. On the other hand, there exist
many examples of regular vacuum representations of the algebra, carrying topologi-
cal charges, where the vector potential still satisfies a condition of spacelike linearity.
Thus, there are no fundamental obstructions to the appearance of such charges.

It is an intriguing question how the existence of these charges would manifest
itself experimentally. Roughly speaking, such non-trivial charges would indicate that
certain linked loop-shaped configurations of the (intrinsic) vector potential, which at
first sight ought to be commensurable because of their spacelike separation, do not
comply with this condition. One then has non-trivial commutation relations of canon-
ical type for these potentials. Hence one might expect in experiments that coherent
photons, traversing a loop in the complement of another electromagnetic loop, would
exhibit interference patterns, akin to the Aharonov-Bohm effect.

It is known that stable loop-shaped configurations of the (classical) electromag-
netic field exist [9]. Thus, in principle, such experiments seem feasible. In fact,
topologically non-trivial configurations of quantum matter have recently been ob-
served [11]. If one could extend these experiments to the quantised electromagnetic
field, the question of the existence of non-trivial topological charges would become
amenable to an answer.

We conclude this article by addressing a seeming theoretical puzzle related to our
results. As has been shown in [3, 10], one can construct from any Haag-Kastler the-
ory under quite general conditions certain Wightman fields. This is accomplished by
proceeding from the spatially extended observables to point-like limits, integrating
them along the way with test functions. As a matter of fact, the present examples
nicely illustrate this fact. Applying these methods to the algebra generated by the
topological vector potential Ay, constructed in Sec. 4, one would recover the free
Maxwell field; similarly, one would recover from the algebra generated by the poten-
tial Ay, constructed in Sec. 5, the underlying current. Thus it may seem that the usage
of non-linear fields is not really necessary.

There are, however, two reasons why such a conclusion would be premature.
First, in the framework of the universal algebra, the interpretation of the generating
unitaries as exponentials of the intrinsic vector potential has been fixed from the out-
set. These operators ought to be identified with corresponding hard ware measuring
this field. Thus the transition from these operators to related Wightman fields would
in general amount to a quite different physical interpretation of the theory. Sec-
ond, point-like Wightman fields frequently hide the topological aspects of the theory
which they generate. As a matter of fact, it took almost 50 years after the invention

22



of the quantised electromagnetic field until Roberts exhibited in [15] certain of its
topological features. In contrast, these topological properties are already encoded in
the defining relations of the universal algebra, in particular in relation (2.3). These
relations were established in [7] by general, model-independent considerations. We
therefore think that the universal algebra of the electromagnetic field and its possible
generalisation to multiplets of such fields provides an adequate framework for further
study of topological aspects of gauge theories.
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